




SIMULATION OF VISCOUS FLUID FLOWS




A thc!lis submittlJd to the School of Graduate Studies
in partial full111lllt:'ut of the requirements for the degree of
Master of Engineering
Faculty of Engineering & Applied Science
Memorial University of Newfoundland
September, 1995











THE AUTHOR HAS GRANTED AN
IRREVOCABLE NON-EXCLUSIVE
LICENCE ALLOWlNG THE NATIONAL
L1BRARV OF CANADA TO
REPRODUCE, LOAN, DISTRIBUTE OR
SELL COPIES OF HISIHER THESIS BY
ANY MEANS AND IN ANY FORM OR
FORMAT, MAKING THIS THESIS
AVAILABLE TO INTERESTED
PERSONS.
THE AUTHOR RETAINS OWNERSHIP
OF THE COPYRIGHT IN HISIHER
THESIS. NEITHER THE THESIS NOR
SUBSTANTIAL EXTRACTS FROM IT





L'AUTEUR A "CCQRDE UNE LICENCE
IRREVOCABLE ET NON EXCLUSIVE
PERMETTANT A LA OIBLIOTHEQUE
NATIONALE DU CANADA DE
REPRODUIRE, PREIER, DlSTRIBUER
OU VENDRE DES corlES DE SA
THESE DE QUELQUE MANIERE ET
SOUS QUELQUE FORME QUE CE SOIT
POUR METTRE DES EXEMPLAIRES DE
CEnE THESE A LA DISPOSITION DES
PERSONNE INTERESSEES
L'AUTEUR CONSERVE LA PROPRIETE
DU DROIT D'AUTEUR QUI PROTEGE
SA THESE. NI LA TBES£:. NI DES
EXTRAITS SUBSTANTIELS DE CELLE·
el NE DOl VENT ETRE IMPRIMES au
AUTREMENT REPRODUITS SANS SON
AUTORISATION.
Abstract
The fOflJlulntinll Hud illllll"nwlllari"n .,f all "ll'lal."!',l,,r ,."],,,-:\1,-,\ (-"111!",,1 ,',,1'11"'<
tinite I'!ClHt'ut-llll,llil-;ri,1 (C\"fE·'\[(;ll11l·l!l,,,1 f"1" st'-'IlI,I". lwIHlilll'·ll.~i"llal. \'i~"'>lI~
incompressi1Jlc flows is pn's('lltl:',[ in Ihis till'sis. In tIll' lm'l"':;"'[ ('\TI-:·.\I(:, till'
rakllltdoll ,lomain is disrrr.. liZt'd llsill~ tllrl'(·-lItU],· trinllgillar ,·I"1ll1'1l1S. Enl'1l ,,1,-·
mell! is fmliler ,li"ided in sndl a wa.v ,l,nl nllltroll'll!lI1lIl'S aI'" fornlt'd artll1wl ,-a,.],
node ill the cnlcnlation d"milin. TIll' projlllsl'd lllt'llu,,[ is f"nllulat,·d \lSill~ Ilu' ",-.
locit,l' components and ]JrCl'iMlfC ItS ,IL'p"1Il1('1I1 \",lrlalll!'s, IIII'I ill("qlf,lati,1I1 FIlIU"t i""s
for these ,lCpt'IHlent w\riahles lite all ba~cd 011 Hll "lmlll'lllallt'\'t'l. TIll' Iln'S.~lIro' ;,n,1
the tlilfused scalars arc interpolated lilll':lrly: 111c 1'!lIW,~·tt',1 ~t<alal's an' iUlt'Tpt,lal"tl
using mass wl'ightcll iutNpolHtion which p;llaTnntl't'); pt>,~iti\"l' "011: rjhllt ililis 10 tIll'
COl'lficicIlts ill tIle algcl,raic ,lisl'T('tizalioll ''''l'lati'>ll: awl til" IrHII1<I"'Tliuj!, v"!,,,·j.
ties are iuterpolatt'd Ilsing a linear i/ltNllolalioti l,f p,'iI,tIl1""\"'!<,dtil'S awl pH'SSUl'<'
coefficients, in whicll till' pl"cssure /;l'1ulicnts HJllli'ar ,'xplkitly. This f"aIUl"<' ;l1lllws
the formulation of an ('{lllal·ordt"'r eolo,:akd methlltl villid f"r iW·"lIlpr,os.'iihl,· 1I01l"s.
CsillJ,\" these interpolation fllllctiolls. th,: discretizl'd forJlls of thl' l-\o\"l'rninl-\ "qll:l·
tiolls arc obtaine<:l hy deriving :Ilgelmtil: appr"xiulatil'lIs t" illtJ'l-\n,1 "'>rls"Tvalil'll
equations for cadI ('outrol \·olume. Tht'SC I!oulilwar. <:Impl,<,!. n1W'hmi,< "'1I1IJ'i"lIs
are tllen solvC(1 h.y n St'grel-\atl'll solllti()ulll~',flTithlll. Thi!'> Mll\lti'llJ 111l,tlll"l i!'> i'll-
pleillellted in the cont('xt or F~I\'· Hnd \,.('ydl~ mill! i~rid ;d~"rit Ilins ill all aU"llIpl
to improve its cOnl'crgellce hdl;lVifillT.
The proposed C\'FE-)'IG melhod was (rmnd til W:lIl:ral.: solutioll!'> Ihat "",ild
f"T rllt, "'II/lI;W ;lIltl ~""iT<'lllarilLl1; H"w t,~!>t pr<,I,It'lIls pn'~ellr'!d, Til,: dff'f'ti\'(,Ilt'ss
',f II,,· rrllllri).(l'i,1 HlJ.\orirlrlll w:,.~ 1"I"lll,:",l f',r higllf'r Be,\'IH>l,ls 1Illmlwrs. ,Iw.' tu till'
illlt'TI'0lal iuu ~,.]l!'IIlt's Ils,od ill lilt' ""lIlml n,lllllll' !illite "!"lllpul llH'thod (CTFE\I).
TIl" slw"t'"-,,flll illlp],'JlIl'!Ilari"lJ ,,rlllltlti~rid lll~orithlll.s in the context of 1\ prim.
ilj\"!' \·ariaIJI,·s. vb""llS nil\\" tTFE\l is \"I'ry ('m·ollragill.L;. Further fI'scardl will he
1,,'rf1>1"1111'1111> illll,r,w(' tlH' ,·lr,~·ti\"'·rll'ss I,f C\OFE-\IG implt'lllcntatiollso
iii
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:1.1 Djsnl·tiZ<lli"ll "r all irr"1-(1l1ar shap.. lt'akuIOlli"ll dlJltlain by TIll' ]1ro-
IIIN'I! tWI ... lillll'llsi/!Jlal ('\'1"[\1: (a) tlJr<''''IIII,I" triall~1l11lrl'l('ml'llt:o;:
;lIld (h) plllYl-(ollal ,-oulrol \""IUlllr·s.
:l.:! I1l'1ails"rrllO' domain ,IiS<T<'tililrioll.an,1 r"]OI!t'd 1l01ll"IWllll11f{': (a)
all illtf'fllill 111,,1,·: )lut! rhJ <l boundar.,' ]jod,'.
:1.:\ EIi'ln"lll l1s,~1 ill dislTl'Tizalioll flf \I .....\Y schellle: (a) aSSfwiated
1I"rllt'IlO'!all1n': {II} assllllll~III(,w ,Iin'rliolls
;1.·1 TllO' lIOlIl,- l"lIlSlt'r ill\"ol\·,,01 ill the cliSl'l'elizalioll equatioll for a node
(1..1). HIIlI f<'!atl~1 lloll\t'Ilt'Jallll'I': ia) all inlt'rnal node (/..I) alld its
JlJaXillJll1ll lLllll1IH'T ol" 1I.!iglihour Ilodl's: I h) 'Iliad :. t.vpl' I (·It'1\lcn!;




1.1 :\ Wi1\'" "II Ill> (:'\=1::!1 is Jlroj,~'rl'd onlo nth (~=(j) [111. 55
I.~ Sdll'dllh'of grids for (ill \""',wl,' mill (bl nl\' SChClllC [11], 56
;,.1 SI[uarl' dri\"\'l1l'l\vit,\': (ill pr"bl"lIl ~t'lll'matic il1ld (h) uniform 11 x




tILl' ILflti1.011lal"l'ntt'r1ilwoflh"(,:l\'it,\', ( (,\IT,\I(;:,, (:hia, <'I
aL[iG)l
:>..1 Sqnare driven "i,\'il~': Stn'illllliIII' plots "I,I:lilJ\',j with tIll' pr"plls,'d
(YF'E·\IG f"r: (al Rf'", = IOU and (10) R,'", = ,ltlO
.'i,,j Sljllan' dri\"l'lll.:<lviIY: Plots "rIll!' lIllIXillllllll ,'rr'.,',~ again"t "X"<"lIt i"ll
J/, (--. C\"FE·\IG. ••• C\"FE-(lGl
,'x""utillll tillll' for R,'", = JIlIl: (a) 1I,.\"'I,,,'ity: (],)I".\'"I"r"ity ilwl
(c) pfl':-"'lIrl' 1", ( . C'\"FE-,\IG: C\'FE·()(jJ
;j,T Squatt' drin'lI l';(\'ity: PI"ts "I' a\'l't"agl' rr~idllid agaillf,t "XI"'IlIi,,"
tilJlcfor Hr", =100: (ill I/'.\"plo\'it,v: (10) /".w]o,'jty :lIld (,') pfl'S.~ltl""
p',
,j,S Squarc ,lrin~lI ('a\'it~,: Plut~ ,,1'1110' 1Iiaxillllllli "rrors agaillsl "X""lll i"l1
p', (- C\'FE·\IG: _. C\'FE-OG)
l.'xcr.lltiun tilll!! fot nf'~, = -IUO: (a) u'+\,,·lu('ilY: (11) II' v,'l",'ity and




,j,l!) S'lllllr" dri\"'f1 ,:I1\'ir .... : PI"r~ or 1,\"'fIli\" rr'~idIHll ;1I,,;llin~1 ('xet:lllioll
I'·
f"r R,· = J[)O: (1)) ,'ulllrJ!'''! portioll of tlt(, fl',..irclllatiull WIll.' fOI
fi,' '" WO.
lj"l1 tilll<' for Rr", '" lOll: la) u'·wlority: (Il) u'·\'clocity and (c)
pn·s.~lIrf! p'. 1 - C\'FE·\IG: __• C\TE·OG}
,j,l:l 1l"ilI\\'anl f;ll'ill~ step: SI'1l1i·lo:.: plllts of tIll.' lIlaximum errors againsf
"X'~'lItj"lJ tiult' fnr nr" '" 11Il): la) u'·\"c!ocil,\'; (Il) I:'-wlodt,\' Hnd
(e) pr"ssllj'l' }I', I (YFE-\IG: . __ C\'FE-OGl
'-J,\,I J!I';lr\\'llnl fill'ill)J; sl,'p: Pluts (If a"','rn",e residual aJ.\ainst execution









hrlwCi'lI C\'FE-:-'lG and (YFE·O(; fllr 1'''ll\'''r~''lIl'('llllaxillll1111"T-
ror u·. ,,' and /,' < 10-1 1.
,).2 Rrarwnnl rl1eill~ sh'p: ,:nllll'arisOlJ t1r ")(l'!'lltiull till!!' il1ll1 ill'ral i"tl.~
llt..'I\\'t'('n (\'FE·?'.lG HIlll (,YFE-OC; flIT ,'(Ill\""TI-':,'llI'l' (maximulll ,'r·










ll1Hlrix of a ~yst,~ul or Iiw·ar ':'lllntions
ar"llo[ntrialll-(IIJafl'lcmeut
codliciellts in the di~creti7.cd fQrlll.~ oflhc .l.I} momentum and
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l'ul'l!ieiPnls ill TIle llltcrpo]atiol1 functions for /I.,~d
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l·jl1l\·(~{"tilllHliffllSioll!lux nero:;.,'; n control \'olume face
d",d" pn.'SSUfC ('oclficiputs Ilcrivcll froIU momentum equntions
E). £1. E:1.JJ l'oellidf'nls ill flu: algehraic approximation of the integrated
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,If'! r:l!lw of,II'!"rnlillillll
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S volullIcr ric l'ltJ1U,I' 1"Ill!
S /-lcllcr:t.lilcd sourl't' I.'rm that indullt's S 11l1d I''''SSII''' J.l:n"li"lIls
Sc, S, coefficiellts in the liut':lrizt'll '·xpn-s.'iioll fur I Ill' SOlln'l' 1!'T1I1S
,)",'j arca of n cOlltrol volulIH' sllrfl\t't~
T tl:nlperntHTf'
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cxact solution \'I'I:tur of a sysh'lIL uf lilll'ar '''-luILli.JIls
\'clocityn'f-tor
approximation to rhe l'X1l('t Jifllutillll flf a sysh'lt! "f lirum
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,)" \ ',a\/ control \'Olumc. an,1 snrfarl.' ur tim rtllltrul \'Ulllllll'. n'l'illl'l"tiwly














a""r;\I;(' vallie witllin an ell'lllenl
valll~' III t.he llIi,lp"illl flf a cOlLlrol \'O]lIll1C fne ... Qf nIL element
1':lllle al node i
illl{'~rntion point» I alll12 lIsed in the ~IA\\' schelUe
vahll.' ill the mi,lpoint nf Ii side of a trialllluJar clement
maximlllll fl.lLIlmillilillllll values. rcspeC'livd,\'
lll'iJ.:hholir nOdl'(lf node;
srwl'ifi(~l valut.'
idl'Tltify till.' COl'fflC"if'llls ill Ille tI.F.p, T.o interJ1olatio:·. rllll,tjoIlS.
rl's!wl'liw]y
J'.!J l'lllllllollcnts ill th~' £ and .II directions. respectively
Superscripts
]lI'rtailli'i to ,liS("wlizatlOlL of conl"C1:tioli lerms
p~'rtaills 10 ,lisc'rt'tiz;llioll of diffusion terms
11.'211... levelofl-\rills
{'nulrol \'olullie facl' k. where~' = I. 2
{'nkulntt'd \'ahll' frolll a previous iteration
Chapter 1
Introduction
1.1 Aims and Motivation of the Thesis
Prediction of heat transfer allllllilid HOI\" I'Wl'I'S,"'"i'i ,'all Ill' "hlail1"d If.\" tWlI luain
method!>: eXjll'rimCnl,,1 ill\'('l:itigatir'll all,l tlll'nrctil':1[ (":I],T' ,lj"II. 'rhi:-; till'sis n'lI-
centrales 011 the latter. The main /-;oal or this rlll'sis is r"ll,·\-,-l"p. illJpll'ltl"ut. awl
test ilcontrolroluOlc finite ('l{,I1l('nt-ll1lllti~rid (C\'FE-:',lG) Illl'lhod f"r 1110' SiIll1l1:,·
i,ion of stf'lldy. tWQ-(!illlcllsiollil!. \"isl""\Is illl'IJlllpr"i'ii'iihl,·I111id Il"w I'ruhl"llIS. :;11,.11
flows arc ff{'flucntly encouutered in tIll' ill'run;nlti,'al, ]I,,\\','r !-\"IlO'ratioll and "!lvi·
rOlllllcntal fields. Specific eXlIlllpll'S illt"hltll' illh~rual l'IJlull11stion I'Ilj.\iul's, 1I1H'I"i'f
reactors. heal exchangers. am] efflU"Ul di..whllrw~ iutl! tIll' "U\"il'lllllJll·lIl.
The formulation of the proJl()'~"d C\TE-:\IG i~ all ..xtml~iun of (hal 1l~111 ill
earlier CVFE's [3. -I. 5.7, 18. la. 20..10. :1I. n] for inmlilJln'~sil,h' fluid lI ..w.~. III
the ]1roposed control voLume Iillit,· ,·I"llll'lll 1ll"1110lL (CVFE:\I), Irialll!;ular "I"Ul"llt~
arc used to lliscretize the ca!culatiull ,t"mnirl. and PIJIY)..\Il11aL "outrol \'OLllllll'S ilrt'
conSltuctaLllround cHell nOlle in Ill!' ,hl/lillill. Till: IWltlll'lllati";lllllr"ld ,,r t.lll' Jllli,l
Aow is based 011 the so-enllcd primil i\",' variabl'·:i. tlH~ \'t'1(),~ity ':"lIlllClllf~IlI:i. (( ;'11<1
1,.'. amL the pressure p. Element·hali,·ll illl"rpuilititlll flllll:tjoll~ for IIH~iI' d,:/wlltlt'Ul
\"ariahles. fUllL the method of wci~h,,'d rt'..,idllal~ (:\IWTl) [Iii]. are tlH:1I u~.:d lo,j,·-
riv'~ alJ.:,'I,mi,: Hp)lfoxinJiltinus In till' I;n\""rnill~ c'tllntion:s, 111 this \IWR. rcreach
Hurl" ill lh" ':il!"lIlati'm domilin. the w,'iglJl:I;~ flllle/ion i", set e'tual toone ,wef the
"'Hll rol \'"hlll],~ assfldat,~d with tlll' [lOde. nll'l 7.ero ds<:wherc, Thus. the proposed
CVFE:-'I fllr fluid now ;llId heat transfer iul'O!w'S the imposition of physkal con-
~,'rv:tli"l1 Jlrill('ililcli fill finite control volumes in :hc Clllcl.lllltion donmin.and !Lence
nd,lil.ioll, t11is l"IIlltTlll volUllIe Ila'<;I~1 fornlllintioll fncilitates physically meanillltful
ililerpfl'llltioll t1r tlie "arions terms ill t,he nlll;cl 'raic ,liscre,iznlion equntiom,
TIl!' pr"p(Jsl~1CVFE\! is an ('{tllnl-<mlcwl colocnted method. in which pn,*,sure
alltl V1'locity me'~\'1l11Iatl"lllt all grid points, \(olllentllm 1ltul<:ontinnity eqnations
an' ,lilinetizc,1 u.~inl\" tIll' .smlle I';l:t of cOlllrol \·olumes. IIllel th~ pressure equutioll is
l:i/,In'd hy till: li;lmc "filiation solvt'r USC.'f! for the ....ther dependent v<lriahles, \Vitll
Ihis l!lI~thllll, f1li('illntor,Y ~ollltion Ad,l.s ilre prevented hy using so-called "mAsscon~
~"rvill'( \'l'ltwit.\' intl"'r]Joliltion fUlictiollS. in whicb the pressure gradient terms
~lpp.'nr nplicirl.v. \\"hpn ,hl'~e fllllclions me Ils,~c1 to disCTetizc the conlinuity l'llua-
tiOl!, t!l".\' 1"<111 /n 01 St't of strollgly \'l~lo('j[)'-prl'ssurt'-couplellalgehraic equnlions
rWIlI II'hkh thl~ IIsl~illatorr solution fields could not appear.
Till' propl)S('d C\'FE~[ is lilllil(~1 to stt'nd,v two-llillllmsionalsituations. IWII'cver,
ils h'lsir formulation ~'an he t>a5ily l'xtcllIlcd to \lllsteady aliI! three-dimensional
pr(lhll'lI~~ using tll!' proccdofl'S dl'Scribl...1in {29. 2t 251.
Thus far. C\'FE:\I rl'S(',lrch has concentrate,l on the Ile\"clopment of methods
10 silll1l1ntt~ l)rohll'IllS. without great conccrtl for their efficiency, In this thesis,
grt'all'r pril,rit,\' iSj.\i\"{'lI to nlj.\orithm and implementntion eHkicncies.and hE-llce the
1Illlitigrid tl'l'!lIl\<IUCS .~rc clllploy{~l. Gy il1troducillg se~'eral grids anti exc1lllnlting
information l1('t\\"'(.'11 them in n sophisticnlcd\\"aY,lllultigridmethodscan solvelllrge
spaTSl' matn" rlliptic I\rohlt:m~ in a dranmt k;'\ll~' mor,' dlki.'ut W;lY ,·uml\1f.·" I"
cOU\'Clltional itrrati\1' aJ~orithllls"t1 ;'\ :<in:.::I., ~rill. In 1111' pfllptl"nl C\'FE-~IG,;I
muhili:rid mrlhod, nk>nl::with ;,\So~n.·J.;;lI.,1 il,'f:llh,·:<nluliulI:lI):;,lrilhlll. is''Ul'h,,\,.,1
TO sohX' the s~'Swm or clis<'rt'lizt'lllo:".l\l·rnill~ ''''l1;1lillllS.
1.2 Outline of the Thesis
This thesis consists or ~ix dl:1plcfS. III lhis rhapl,'r Ih.' llilllS :llllllll'lli\'lti"tIS Il(
the thesis were pr('selllt,1. Tlw Trlll<\illlier of lliis Ilu':iis,I.'St·filu'S Ih,' .I"\,,.I"PI11"1I1,
impkment;'\tion. And t('Sting of the propo;;pd C\'FC-:\lG.
Chapter 2 pfeSents It synop~isof a\1lilnbl.~ C\'FE:\I'~ rOl' I h., liUhtli'"1 "f illl"ltU'
prcssihle fluid flow prohlems. The forllllllati"11 (If till' Ilrnpnlil,1 l\wl-<lillwltsillll.,1
CVFDt is presented in .INail in Ch"lller 3. In Clmpll'r -I, Ih.· rIl1l",111lf~Illalprilll'i·
plesormultiwicllllclllOCls arc bri.·fly UW·lIS,-;I'1. tl...11 .It·tnilsllf IIll'illllll"lI\l'III<lli'~1
of the lnultiyid algorithm into lhe C\-FE-\IG metllf,.1 nr"I'fl'Sl·Ultll. Ilt-so]ls /!;"II'
craled hy the propo5ed CVFE·:\IG method in the Sf)!u\inu "f N'wrnlll':it lH"lthl"lIL~
are presented in Chapter 5. These rcsult5 an' l'flmpaTlll with tlUN' "f h'·...·!II11atk
numericalstudics a\llilahle in the Jitl'ralure, anti "'itIL \I'!illlt~ ~"I\I'Int"cl iIYi:'" 11m.
posecl CVFE~lllsinn one l'>ollllion nll'sll. Fillall~'. ill (1tnlllolr G,lllI' c·lIlLttilllll.illlL~
of this thesis are slLml1lnriz(.~I, aud slLl\Ii,~tion... rur furtlwf work 11ft· prc~'llh ... 1.
Chapter 2
A Review of Available Solution
Methods
2.1 Introduction
:-"lallySO!llliollllwrhlllls IIIW"hl'l.'1l dcwlnpe.1 for;:,COIllPR'SSiblc~ui(1flow problems.
TIll' dlOil'f' uf 11 parlirnlar M,llIllioll l)IlM.'l-...IHn~ isslrOn~I}'c1ependellt upon1he sha~
,.r rill' ]lrohlrrn dOlllain (r('';lIll1r. irrl'h'ubr). thcnnture ollhe fiuid(viscid. in\'iscid).
HII,ltl... ',vI'" uf fl..,: (s"·i\(l~'. 111lSh'nlI}·). Due 10 spn~ restrictions. anclthe \'aSt
11111111M'r uf lll';lili\!Jh' 1111'1 IlOds, onl.\' ~llf' :)a.,>k solution i\llloritbms are discussed in
I II is rim pit'!'. .-\ llrit·r HI". 'T\"jt'lf lIf mllilahle numerical methods is given ill section
:!.:!. In s.,-'I",illllS :!.3 allli 2A.lb.· l\1-:liL,hle C\'FE:\I's for com'!Clion·dilfusion and
ttuid lIow probk'llll;arr,li:."Cllssed. Filially, in section 2.5,11 briefsurvey of multigrid
S'.)llllillll ml'lhod.s illlhe COlLlext of C\TE:\l's is preSl'nl~'I'1.
2.2 A Synopsis of Available Solution Methods
TIlt' ~oal (lf~ 1"llllll1lt~li()lIflllllClhodi~ to ohtnjn \"aluesof the dependent variahIes,
Slldl :1.'1 t"lIllll.'raluft', \'c1oC'ilY, nnd prcsl;ttrc at tliscretc loc:ations within a physical
tlo11luin. Wbat ditrl't'ClLtial~Ollc Il\llllcricalmtlhod rrolllllnotheris the manner in
which the ;'IlgelJrnic lliKrl" iZ;'Ilioll ••...I1\~llions ;'1ft' uhl :li1lt~1. Two "IIIit' 1IL.lIIt I"'I\-
ulardasses oflllel hotls for oht~iQill~ lht~· ,·tlll.,litln", ~lT" Fillil.· F.1o'Tll'·lll ~I.·tht"l"
(FE~rs) [2. I:!]. anti Control rOlllllW Fillit.· Dilr"rt'lu~' ~1"lh'Hb \(YFml's) or
Finite "OIllOK' ~tethOlIs lFY~rJil {2DI. Both til' th.~ .. 1I1t'Ih.l.b :lfl' Jilll.""·I,, tlf Ih,'
;"'lelhocl of WeiJ;hted Residuals (~I\\'RJ (3-1). 111l' f"rmullllillll "f 11 ;"'1\\'11-1'1-::\1
i 0\"01\'('5 t Ii.. followinll slrp..<:; [In:
L Discf('tizatioll of n cnlculalion domain intn "I"IIWIlI~ of a !<IH~itit' :-;haIH'.
2. Prescriplion of IIppropriah: l'lel1l"llt 1)",,,,,,1 illt"rll<,lalillll rlln.. ti,>"",.
3, Dcrivntioll oftliscrctizr.tll'lllU.tiollsll,;illgn.~lliI1l1,h'fllr1l1"filII' ;"'1\\'11.
·1. Element hy clement assemhly or tile coeHid,'uiS iullll' ,li,~('fI'li7.I'11 "III:tli"'IS,
COU\l'ntional FE;.,.l's fot Allilll\o\\' awl heal It:llL..fl.·r 12. 1:.!1 t'mpl,,)' th,· Gall'rkill
;"'lWR 123]10 Ilerhl' the ~\Igebl'ilic disclf'lizatioll "'Illalions. Whl,"~ tho' "l'i~htillf:
fundion is 1!It same as the interpolation I'ulictino.
CVFD:\.!'s can he Ilescribt,o(l as .'tubdom:lill·typ'· llItofhmls til' ~J\VR r.'9. :l·ll·
Their formulations art as follll\l"lj;
I, Discretization or n calculntion llomain il1torllntfl~ml'lllu'!l. nUtI IU~~'S 11....<;11·
tiated with these control \TIll lilies.
2. Pres<:riplion ,)f approprillte functions rllr the lostiUllltiol1 of I-;r:1.l1il~nts IUlll
mluesofthe Ilepenl!(!nt varilll,!tos.
3. Deri\'nlion ofdiscretizntiol1 CqllaliollS, whkh nrc 1l11:1~llrHil:IlPllrl,xilllllti"SlSI,u
the gO\~mingdilfercntinll!lluatiol1~.He"~, tllf! ~1\\'Jl liS illlppli.~ 1"'"".ll.rnl
\'Olume, or suhilomain. formulations is 1l:\l.~1.
-I. A !l1,.1,: I.y nOII,~ ;1liS"rnl.ly flf tllf." ,liscrctizalion ~IUallOns.
:;. Pr.!S.:ril,lillll "f II. prol:l.'llurr 10 soh-e th~ rC!illhin~ discretization equalions.
F~,r '·a.·11 1I,,,Ir., 1111: ",...i;;htiu;; functioll isseI 10 unity O'o'l:!r the nssociated rontrol
w,IUIIJC, ;awl Zt'1"{) d!',CV,'/Wfl' f2!lj. The most outstnnding featlll't of CVFD~rs is
thaI they salisfy the cxart IIlllllcricn.1 con5ervali"n of mass. momentum and £nergy
f)ver ,::tch f:lJntrol VOhllllC. and IilllC~ 0\'l.'1" the l'lllire cnlculatiOIl .Iomain ['291.
Th,~ CVFD:l.I's cnn Ill: fllrllll'r slIIHlivI,lc(1 illlo Orthogonal Grit! (OG) anti ~Oll­
Orlhogonal Grid C\lOG) formulntions [3·1). HowCI'cr. CVFD;"!'s are found 10 he
1I111i>! snitahlcfor mildly c.ollll'll!x llomaills for which fairly ortho~onal. and smooth
~I'ids 1'llIl IH' w:ucratt'll \3,11. T!lis is 11~'('nllsc in ~OG's, thc grid lines are not normal
In IIH'colltml \'lIlll111efaCI'S, amI hcnce Iheaccurllcyoflhenlgcbraicapproximations
10 thc flux illtej.\t:\ls ncross the ronlrol volume fact'S suffers. It should he noted lhat
FE:\l's.11l 1101 suffer {rum tllis Iimllat iOll. IlId<''<'Il.llle strtngth o{FDl's licsin their
a hilitJlo cliSf'Il'lizc fUlllplcx fll1culnt iOllllllmains,('!ipcdllllyill irregular-sbaped and
CIKltrol VOllllllC Finite Elemcnt :\ldhod!'l (C\'FE:\l's) combine the attractive
fl';aluT!'S of hnth FE:\l's and C\'FD:\I"s. They allow solution on irregular slmperl
.Iolllllins, similar to FE:\l's. ItncllllO'~' liSt.' rhe sulxlomain ;"I\VR 10 apply conser·
\'iltitlll principk'S to rontrol \'Olllllll'~ 1'111L'ilrllrted around nodes in the cakulation
domain, similar to C\'FD:\l's. Tlu·r,.(nrr', C\'FDl's also satisfy global conservn-
liull rl'lluiH'1l1cllts for mass, morul'lIllIlLl and l'lll'rllv.
C\'FD:\l's 111111 C\'FE:\l's hoth Il~l' "lllJdnlllain-type ~I\VR, hut they nrc dif-
fl'n'1l1 ill a fl'II' (L"pcrts. Dill' dilfrrenC'r' hl'IWI'l'Il, them is ill the way the dependent
\'nrinhles art' illtl'rpoll1t~·It. In C\'FD~l's. tIll' ,ll'pendent wlrbhlcs are usulIlly in-
tl'T\lOlal~'d 11.\' 1(1('0111)' olle-diml'nsional fUllt'tiol1s defined either along grid lines. or
t1o\\'-oriellft'd lint'S. On tht' ntht'r h'\IId, ill ('\-FE.\I'~. tlil' Iil'pt,ltd"!lt \'ariahb
lire usually interpolatell hy lIllllti·t\illlt'lI~iollal fllm·ti"l1~ dt'lillt~l owr tIL,' Hni\<' 1,1-
('mel1ts, Another difference ht,t\\"~'11 tbt' 111"0 llldhu,1.4, i~ till' dltlk.' 11£ tilt' ['11-
ordinate system lIS<'d to t!e!1lLl' th" rcloclt.'· l'OIl\1l0I\{'lltS. I'M nHlrtlillat" ~.,·~tt'lll~
other than the Cartc5ian s.l"stl.'Ill, ClIr\"l\tllT!' rl'intt~l tt'rlll~ arbl' ill Ihl' ~"\""Tl\ill).(
differential eqllatio!ls. hi hotll 0(; ;111'\ ;.Je)G forHllllati'lllS, Ih,' "UrI'llllll'<' I,'rills
can he cOl1\plicnll~I,and may lend to a 1(l~ufnt'I'lUi1t'.1" in tlll'HlI11l"ri,'nl,,,,.11lIiulIl1r
the governing l,.'qllntions [3'1), ).!osl C\"F'E~I\ art' r"TIlI\llat,~1 ill tilt' ('art,'~iilll l'lO-
ordinate s)'stem, aUlI hence curvature rclatt.~llt!rIllSare not iUl"l1lvt.'tl. 11 i~ ! ,,'!'aIlSt'
of these fundamental differences, that C\,FE:-.l's t:;lll provide ,\lTUfalt' SUhllillllS tn
tlle g-overning eqlllltions in complcx IlomaiJl,~..-\ detail..d diM'llssion nr Ih,' dim'r-
enCC5 ami simill\fities between CVFO\!'s alit! C\"Fnl's is '\Vailahl,' ill Prl,knsh
1U1d Baliga [341.
In the following two se('tiolls, some rCCI'lIt H11\·aIKt.'s in CVFE~['~ r.,r [,nlll
convection-diffusioll and fluid flow prohlems will h... rl'vil'\ml.
2.3 CVFEM's for Convection-Diffusion Prob-
lems
Convection-diffusion problems involve tll\' so]utjoll (or a d"PCll"l'llll1lri,dJl.~ ill tllt~
presence of a known flow ficlt!. The tlcp.~ndcnt variahh~ur iliterl'S1. is'''IIVpcl,,,d with
the flow, while its gradicnts callse it 'liffmiull transport. A sat.ilirat:tory lifllillioll
proccflurc for cOllvcction·diffusioll pro!'!ClIlS is 1\ prer(.~l'lisit(~ for t.lw forllll1IHli"1I "I'
methods to solve fluid 60\\'s.
.-\ C\'FE~I forconvett!on-diffusion prohlc1ll5 wr~~(Jril-\:inaJly iflt.rOlllln~d !Iy Ilnlil!;ll
all,l PatallXar {3, t ,il. TluT ,Iis('f,:rizl:'! till: ,1'.'lllain IlSill~ t],ree-uol!(' triangular
"j"rw'" "s. WitJ,iu '.'adl ,,11'11l':IIt. tIll' transported scalar (in hoth cOllv('Ction and
,Jilf'l.~i,," 1"fIllS) \\'lL~ illtl:rplllatc,1 Ilsin~ a fluw-oriente,l fUJH:tion that cOllsi,lers the
rdativ.! stn'n~ths,,frollV/!Ctinn ~1ll\lllitfllRion ill rile m('an Row l]jrectioll, as well as,
,Iilr"si"n unrlllal til that ,liTl'ction. This interpolation function was dcnv('(1 from a
sirJlplifk~1 v,'rsioll of the IlpprUpriate ~o"'crnirr~ equation, \\"ritlen witli respect to
Ill! I'lt·m,'nt·haser! ilow-orit'ntcd cuordinate system. The ali~lIiu~ of olle of the axes
illll,t: !'Jl:II! ,~Icmellt·l)'l.<;l:d l'()onlinat" s..,stern wi til tire mean flo\v direction in the
dl'llwnt helps to rCllucc false diffusion [35]. Prakash [32] later modified this inter-
I~,latintl rllrwtioll tn incJl1lle SlHlTCI: rdated \'ariatiollS of the dependent variahle in
IIII' !Ieow direction, Hooker and Dalifla [18. 191 introduced n source rdaterl lerm
IIr:llIWl'Ollllt",1 ror illf}uellCt'S both Ilnmllel ;uul normal to tlie mean fiowdirection.
TIr" illterpulal.inn function )lropnSl.~llJY Praknsll (32) is a spcdal case of the rune·
tinn prnJlu.;t~1 bJ Hookey and Dalign. ror thr prohlelL\s testl11 in [18. 19, 32]. an
irnpl'OV"llIt'nt ilL m·cllnu:yOl·,'r n'liultsobtaiued v.·illl other CVFE\['s was reported.
Balllmihyalri mid Po1lnllknr [3Gl,lIud later. Sdllrcider ami Raw [38,39. -to) in-
trlllhlcc,1 C\'FE~l's for Illlilrlrilatl'Tal finite cl~mellts, In {3B], Schneillcr and Raw
lntr'lI!llt'l'cl a jlOsitive-codfirient UPlI"lll(lin~ proccdnre, ill whicll the coefficients
IIrbill~ dill' to the al~ehraic approximation of the convection fluxes are assured
In lit' positive lit lUI dem<.'ntnl lrl'el. nnd hence nt control ro[ume level. In [391.
llllllpwilldiug" formulation \\"as pH'S!'lll ....,i that W.'lS similar ill form 10 the positive
l'"dlieicnt sl.-hellle, however, the din.'ctionality of the Row was more closely approx-
illl:ltptt. rl~ll1('illg false diffusion, hut allowing ror the appearance of some negative
I"II'1liCil'l1ls. ror tlrl' prohlems they ll'Sted \30]. it \\'as found that the l1Ingnit\lll~of
IIII' n.-p;ali\"l' l"JeIHdt'llt~ II"I'rC small enough Ihat they did not ]lose allY difficulties.
The e!feels of diffusion, !lotb pamllt'1 ;)Iul nnrlllalitl till' lI[I'alL Iltlll' llift,,·t;nll, alLII
source terms were also l'xpJicitly ,1l't'Oll1111~1 for ill Illt' itlll'T1,,'htiol\ fHlWli,'1l fur
the rOlll'erted scalar [391, 111 this 1Ilt't hod, tht' prt':-'Ilrt' ).:rndil'lIts \1'<'[(' illl'hul,,1 ill
the intrrpolatioll [unctions for \'('lndtit~ ;\t an ,'!t'l1ll'lllalll'l'l'1, tlris int,'rpolatinll
scheme allowed for ihc .11'\·e!0PIIll'lLt "f all I'(l\l:lJ-nnl,'r ""I,\\'at",\ r"rmulation or
incomprt'S.<;ihle Rllid flow problellls.
In the contcxt or C\'FE~I',~witll I ri:lIIl;ular l,I.'m"llts, rrnkash illtr'H(IIl,,,1 1111'
donoNcll scheme IlS a IIll'ans Ofl'llSllrilll( Illlsitinoflll'tH"il'llts [:13\, This :lppw;wll
stilted that the \'alue or" ((t'[Jcuoll'llt \l1riabll.' eOIlI"l'<'I"d unt 'Jr a "l1ntl'(,1 \",111111"
must be the Wtllle of the dependent \'ariahle at tlr., lIodp withill I Ill' ,-"nt rol \'011111(1',
This approach gllnrnntce; positive t'ol·lliril'nls. ll11t tak.~ litth' :U'l1lUI1t. tll' till' di-
rectionality of the flow, ami takes no HI'connl of thl' ",f('cls (II' dill'usioll awl Sllrrwt'
terms on the interpolntioll of the con\''''l'h~l Sl'alar, Th~' IMlSiliV(· ':lIl'lIil'i'-'lll Sl'lll'lll"
propcml by Schneider and nn\\, 138] is IIlllnr" altral'tl\'I! appru:rrh to "Iirnill!~t.,
ncgnli\'c coeffirit'l\ls. t!\'en tlloUllh it ill\'nlws Ullin' l:t,jnplltaliIJIIS,
2.4 CVFEM's for Fluid Flow Problems
In the oriJ;inal CVFDI, BaBga and Pnt:lIlk.l.r [:\, 5! pt'IJposed;l[I 1I11t'qllal'llrd"r
incompressibleCVFE:l1 in whidl till! dOlrraili b lil'!it ,Iis,:rdiz,!d l>y six-nod,' Iriall-
I-\ular elements, and tliL'Se "maCl'Ol'I"lll"lIts" arr> thell divillfsl iut'l frmr t(llw·!Iod ..
"suhclernents" by joiniu!l the millp'Jillts (If ..ad side, PIl'SSllf1' is st"I't~1 al tb.·
vertices of the macroclements, alltl \'.. lllCity i~ storf.~1 at th!! v<~rtic''S of Ill! Slllu~],'­
menls, which TL'Sults in an 1\l1eqlml-order scheme that avoids solution h:trHlorril's.
This formulation also employs l\ mixed illlcrpoIntirlll ~lJelll!!: prt.':>.'iur,' is iut"I'IJ{J-
lal",llill";,rly ill lh,~ r/JiIt:r'H~h~lIl"Hrs. lind tllf' \',docitv '·"lllPOllCllts are intcrpolated
by How·"ri,·ul"d npwillil typ,) furwrinllS \\'lllrill the sllhclcllJt'nls, Polygonal con-
Ir,,1 VOlllllWS IIsf'd ill th,~ flisc:rl'ti~.Htillll flf the continuity ,~q\latioll arc constructed
IIfj,unrl tllf~ \'prtic:l's f,f th,~ lllHl:rfl('l!mll:uts, while t hose used in the discretization
of tIll' W"IIJI'lltlrJlJ I.''lrratious art' cllllslrllclcrl arollncl the \'ertiees of tile suhde-
Wf'lItS. This 11lClhIJd hilS bef:ll 1lSf.'f1 in cunjunction with SI:\IPLE, SI:>'IPLER, and
SL\ll'LEC (:I. iJ, 18, 20, GI solution i1lgoritll1lls. Huwcver. this scheme has se\'cral
UUlita! irons r,·latl11 to till' 115" of two IY1"'s of e1l'menls and control volumes. Since
thl' lllOllll'lltUIll and cOTrtinllil}" l'l\ua!ioIlS arc discrcti7-cd using tll"O different control
mlrlllll'S. lJHI~'i I"Clllscrvalioli is not strictly salisfie.l o\"er the momentum control
vollllll''l'. :\Isn. till' disl"f(~ti7.atioll rlllHllioll for pr('!:iSurc is quite different from the
,11.~f·ro'li7.atillllf"lllatiorrfur Ihl' "Iher flcp('ndent wlfiahles and a sepaml\? equation
.~ol\"l'r is rrf"'fII~1. Finally. since till' llllt'Cjual·ordcr method uses a much coarser
~rid f"r pfl'SSnr(', it Ill;'}" not hc \·cr.v aCl·UTntc fOT prohlems in which tire pressure
).:"rarlil'nls IIr,~ large.
TIlt' lirst. ,'quill·order ('\"FE:\! witll three-node tri;lll~lllar clements \\'35 pro-
I',~.,.·.I h.1! Prakash nud Palllankar [3D. 31). In this method. pressure and velocity
nfl' "lIlllplll",] nl nil ~rid poiUIs. allll the ,liscretiznlioll of the continuity ane! rno-
niC:ntlrll1 "'1llations ll~'S lhe Sllllle control \"olrrmcs. The velocities uSl'(l in the
lIlo\l11'nlulIl c(lllations nrc il1ll'rpolnle<l h~' the flow-oriented uflwinding type rUllC-
!ions Jlrup(J.~t',1 in [3, 5). Jlr{'~snrc is interpolatecl linearly. llnd the mass flow field
il1l';u'll l'll'llll'nt is obtaincd from lilll'ar interpolation of a pseudo-velocity field and
1'T1'ssl1T1'. Tlw \lSi' of tIll' pscndo-\'f'!oeily alld pressure in 1111' discretization of the
I'OllliIlUit.\· .'qual iun prol"ides the llcccssnry coupling !Jet ween velocity and pressure,
II'lridl ,·If,'l'ti\·I'I.\" prl'\"('nls the lIppcarallee or pressure lrarmonics. This method was
10
formulatCiI in the ('OUll'xl of tht' SI\IPLEIl ~ol1ltion all-:urlthlll[::!~}l,and il h;~'i 11l~'11
~'Xlcnded 10 thrcc·dilll('1L~iollS h~' l.'Dain-\lllir alLll [Jalil-:a [:2.\. :?;IJ.
[n an nttt:'111pt to r.. fine his PW\"iOllS "qlwl-unh'r 1I1l'lhud, Pmka:;h 1:1:?[ pl'npllst'd
a seconl1l1wlhod, [n this tlI!'tholl. Illl' intnpolatlllll [1l11l'Ii'1l11< f,,1' tilt' ,...al;\r ,I,,·
rcndent \"(lfinhl~'5 include sonrrt--fl'lnlf'fl l!'f11lS, in "rd,-t 10 prl1\'itl,- rill' ;1 SllIlT""
inllllcncc 011 the l\istrilllltion of the ,1~'Pl'lld,'nt \'aTi,lhl,- within ;11l "I..m"lll. TIlt'
appropriate preSSlUe I-\rndi~-nts ar(' illr.!udl'd ill Illl' SC1lltl'" rl,l;lkd "'l'llIS lls,~1 III
tIle \"elodty interpolation fllndiolls, allfl it is Ihis I'xp!il'it i1l1'lll~iOll or lilt' [In'.~·
sure I-\fmli{'llts tltat pfevents Ihe aJlJlt'Hrtlllee of spllriolls nsrilJ:ltilllls of \".'!ol'il.V alld
pressure. A solution :llgoritlllll sill1ilar 10 SI\\PLEIl is It:-;,,,lt'l s"I\'" Ilu' tlisn,'1 iz, ..1
Illolll'mtum and continuity equations [32).
Hookey and Dali~a [18, 20J lIlodiHcd Iht' illlNllolation rlllll'tll111S ami solulion
al!!;orithms of tlte ~llll\l-onlcr CVFE\\ ill [321. Th..)' l'mllloyl'll all lrnprm'l'd in-
terpolation function which included soml'''' t!'flll ,-Ireds ill t1irt:djolls lUll I. ]1<11"11111-1
nnd normal to tIle mean lIow \l'itllin ,-adl e!t'lll"l1l. fllftlll,rtnlllt~, II SI\lrI.EC' t.vII'-
solution all-\oritlllll was usel!. and rlll? \'"locity-!"orn'ctioll fOrlll1ll;lt.loll WitS llltll"l'
completclysllecificd than in [321. Ho\\·,,\w. thl' f('Sultill~ prlos,'illte-"fJl"rl,,·tinn "'111:1-
tion invoh'c,! up to twcnty-five llt'ighbollfin~ lIodl,!; in lwo-diulf'l1siollal probl"lllS,
and this would make extensions I', r!lr..,,·,lilll"flSioll,,1 1lf!!III"lIIS illl]!r,wtil'aj. Ill"
cenlly, Hookey [21] successfully n-dlll"',1 II", Illllllh.'r of llt~i~hltollri\ll-\nod,'s in tIlt,
discrclized equations, For twu·dilllf'lI~i"lIal!,rubl"llls, thl' l1laxillllllll 1I1'igl1lumrilll-\
nodes W115 eight for hath pressure aud \'"I"dly f~llIatioJls. Tlris JIldlJod W;~'i, therl'-
fore, hetter suite,l for lhrce-tlimcusi'lulIl f":-tllllliltiolis. Tbe (lis<;n~liz':ll trl'IlII.'1l111111
and coutiltnity equations were soh't'll ill ;l "'Hlplell marl/WI' using It Coupl,,1 Equa-
tion Line Solver (CELS). TIlC CELS .~"k,'s til" ':"llpl,~1 ,!,[uati,ms silllllll;Ul'~lI'lsly
II
;llfJll~!L ~rid line in tile cnkulation llo!naill. and iteratively improves the o\'crall
,.."llliion hy >;Ilcl:l~sivdy sWe('pih~ tIll' dUItHlin line by litH,. ill alternating directions,
uutil a Ilesin:lllt~'Id nr rXJ!I\"('rl-\elwr· i.~ "ht;lilll:(1 [21].
Sehlll:idu IIlld £law {3!J] hm'e ahmextcndl'll !!leir con\'ection-diffusion CVFE~I
to flow pml!lellls. TIll) key feature of their method is tllat tile interpolation func-
tioliS lISf'd ror (:onvection terms in tlil! momentum equations explicitly include the
I'rt'l;Sllre gradients. therefore. the velocity alHl pressure fields are coupled, In their
IIIdllOd, tIll! calculation (lulIluin is discrelizecl usiltl-\ qumlrilatcral elements instead
llf trilllll-\ulllr l'll~lllents. The lIse ortriangl<.'S is helieved to he Illore efficient for irreg-
!llnr shnpl:fi domains lllHlllllllpth'c grid methods. hccause triangular elements allow
tWin' freednm in til(' placement of norles within the calculation domain. Schneider
alltl Raw l1Sl)(1 n direct l>anded ~ol\'(:r for the solution of the algehraic lliscretiza-
tiOJlI'ljllatiolls or two-dimensional problems. In tllrce·dimcnsions, tile cost of such
a .~nlut.inn mdhod is proIJihitj\,c.
Rn·!·llily. SaahllH [37) has ,lc\'cloped an equal-order C\'FE~I for the simulation
of Lhrl'l'-dillll'llsionallurhulent incol11pres.';ihle fluid flow. To O\'ercome prohlems
with outflow IHflllldaril's inherent with the mcthod de\'eloped by Hookey [21], he
has used "mn.ss conserving" wlodties, llerived from the discretized momentum
1'(lllations, til discrcti'le the conlilluityllquatioll. For eXlllllple. tlle .L'-component of
tIll' "Illass conser....in~ .. \'e!ocity at it nOlle i. ui, call he expressed as:
ni' = Iii +d'i~ (2.1)
wlll'Fl' tIlt., !"l.SI'lldo-n>]ocity. 11,. is the Slllllllwtioll of all terms on the right hand side
(If tlu: ,lisnl'lizl'll .f.-l11omentum t'quatioll, exccpt for tile pressure gradient term,
di\'ided h.'I the coellkicnt nmltiplying II;. The pr('Ssure coefficient term, dr, is the
an'a of thl' nmtrol mlulIll', divided lJy the cocfficient lIlultiplying IIi. A similar
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expression can hc Ilen~lofl'C'l1 for Illl' !J-{·OIllIMlllt'nt. I';". Till' llndal "altlt':' "f Ii, 1\
J" anti rf" are interpolatr!l Iilwarl.\· Wilhill all,·I"lll"lU ill tlTill'r ttl \lTil\'i,lt' :l1~t'hr:lk
approximatiolls to tilt" maM I\IIX at the ronlrol \·,,1111111' fa'·..... AIR'. lilt' ,I- nllil ,I'"
terms :Ire Ilsed in <'onjulll.'tion with thl' dl·tlll'llt:lllln~"llr.~~r:ltlit'llls 10 IlTl"'I'lIl Ihl'
possihility of prl'SSure harmonics. This mel hod form... IIll' 1",...1.. fnr till' C\·FE:\ll ..
be implemented in this thesis.
2.5 Multigrid Solution Met,hods
:\Iultigrid methods have hCt.!ll tlc\"dopelluILl}" n·'·~'lllly. luwlLat l'rnhlll.l.v Will' til('
first nJllltil-:rid publication. Fctlorcnko [131 forn\ulrltcd a 1IlItlTip;ri,1 nlp;uritlllll for lhl'
stll.ndnrd fivc.poinl finite differellcc discreti7..,til>ll nf the P..is,';I>ll ,·qllatioll. This
wotk was then J;:encraliwl to the renlral dilrerellrl~ dhwn·tizntiulluf IIII' p;"llI'ml
Iinenr elliptic pa.rtinl c1itrereliliall'l.luatiolls by Dncllvalov [I]. 11,,~ lirst pral'li"al
results were reported II}' Orandt [!J. lUI. ill which III' ulltlilw"llh" maill prinl'il'lt'!'i
and the practical utility of multigrNlllIclhOlls. The lllultigrilllllClhlltl was aL>;l'lli...-
co\'ert:d independently hy Hackhusch 11.1, who laill firm mathematiral fnll11llatiull:.
and provided reliable methods. The common property of thl~ 1lI111li~rid Illl'thndx
is their ability to ohtnin optimal ooavergcllce ratl'S, ill terlllS <If c,uIIJlnlinp; df"rt.
whieh are linearly depem!ent rm lhe nnmh'~r of grifl w,illt~.
:\Iuch work hIlS hecn dOlle in the 1!)80\on extendillJl; tlll'!!l~ Illeth,,,b to tIll: EIlI,:r
nnd ~a"ier Stokes equutions. Studies relnh'll t.o hllninar H"w in simple n~r.tjlilll~ar
gcometrics by Lonsdalc [26], Vnnka [411 alld Decker el al. [8] reported that favoralll,·
convergence ratl'S were reached hy Ilsinl-: TnllltiJ;rid tl)c1l1lifllll'S. III th~e pap'·TN. tlll~
speed-up f:lctors .....ert! oftllc order 10-100, del"m,lillj.\ 011 ~rid ,I,·w.ity, lYI>l~ "f lIllw
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aud Ih,~ pf/~cisp. malln'~r of multigri,1 irnplmncntntion. Although ri,L;:orous proofs of
lilt' rates of l':lJllvp.rll;ence of lllultigriclllJl.'thods ar<- complicate,L there is no douut
Illwut tlil~ ,'!fidClICy of th~" IlIctlJ(}r!s whell cf}mp;'tn~l to iterali\'e solutions ou 0111.'
II;rid . .-\ mllr'.' Ilcl:dl(~,l mlliliwi,\ hihliol;rapliy can be found in [11\.
Of partir-ular i/ltcre~t to r/.'!;earcheN> ill the field ofCVFE~rs is the work oDIc-
ClJrrlJil~k [271, .\lcCormiek [2i) illdependl.'lItly develope,l 11. C\'F'E.\I as he thought
it wnlllll l)(~ the illeaI method for .\IG and mnltilevel adaptive techniques, In {2iJ
.\kCol"mifk dcscribl'S the implementation of a CVFE:-'I for diffusion problems in a
.\IG alJ.;orilhm, Also Ilcscrihl'i\ is initial work 011 the implementation of a CVFE:-'I
fllr vi,~e(JIl1; flows hlL~cd on II stu'am functiolH'orticity formulation of Ihe governinjt
l'tlllatiolls. This work has hecn tIle inspiratioll for the work in this thesis. The SUI.'-
",'ssfu! application of .\IG to C\'FE:-.rs ill (2iJ has lL~l to the attempt to implement
.\1(: ill the COIlLl:Xt I)f a CVF'E:-'I hased on the primitive variable formulation of
1I1l' visrom; fluid !low prohlem. Hookey [221 has implemented a CVF'E·.\IG method
for primitive vnrillblc formulation of \'iSCOlls flows nsing the CVF'E.\I in [21J with
till' CELS, In t.Ilis tlll'sis, Lite C\,FE:-'I of Saahas (371 will he implemented in the
t"Olltm::t of a 1I\1llti~ril( al~oritllln.
2.6 Summary
This l"harL~'r has prt'Sellted 11 hricf O\"('f\·icw of some of the numerical methods
lImilahlt' for tile S(lilltioll of ilJCOIllJlH'~~illlc f10Il"S, Emphasis has been placed on
thl' C\'FE.\.!':; lllat hm'l' lwcll dl·\·c!0lll'd for the simulatiOll of viscous f1Uillllows,
In the !Jext chapter. the forlllulation of tile proposed CVrE:-'1 for steady, viscous.
incompm;sihll', two-,limcllsional filii'll flow will he discussed,
1·1
Chapter 3
Formulation of the Proposed
Two-Dimensional CVFEM
3.1 Introduction
The formulation of 11 CYFE~I for steady, ViS('Oll~, Iwo-diIIlPIlNjulla!. illmmpn'N;'
ill1c fluid flows is presented ill this chapter. TIll' propmwcl CVFE:>.I i.~ ;lll I'{llla]·
order calacMed mcllJOd and it was ori,L;inally Jlr(,Sl'llll~,1 hy Snah:IN [3,1 for 11Jr'~"
dimensional turhulent flows. The presentation i.~ divid,~d into ~;l'ct;:Jm; (111 till' fu\-
lowing topics: (I) definition of the J.\O\·crnill~ 1~llllatiolls: (2) ,lomuill di~wr"liz;\tioll
details: (3) derivation of control volume ilJtc~rnl ftlllscrvntinn ,'<[nations; (.1) :ijU'''-
ification of eJemcnt-1J1\scd interpolation fUllctions for tht' dl~p"1l11t'lIt VllriIlIJ1<'.'i: (,i)
derivation of the discretizcd forllls of the cOIlS(!rvaliol\ IJqllatilllls anrl bUllIltlary
conditions: an(1 (6) algorithms uscd to SUIVl) the Ilis(~rctir:L~1 f'qllatinlls.
3.2 Governing Equations
The partial differential equations WJ\'f"fllillJ,\" stl:ady, lW(HliJTll~llSilm:d, viS('/Jlls, In-




~(fllIJ + ~(I'l'j = 0 (.1.1)
f;(f!III1) + ~(f!IJIl)
,lJ'IIl"llll'lltllll1:
01' ° (0") 0(0") •- - + - /1-;- + - 11- + 5 (3.2)Dr Dr Or 0,11 Qy
01' 0 (OC) 0(0") •
- -. + - 11- + - jl- + 5 (3.3)DII Dr Dr 0,11 Oy
-00.. (puT) + -DO." (pvT) D(k DT) + 0 (k aT) + 5T (3.-1)
J. 0;;;:0; D;j;:7i!J -;;
I (OJ! c/Jl) I
+ 0: liD; + "Jij +;: 'I!
G"Ill'ral'·'I1IH·I·ti'lll·,lilfllsiolll'([UaliollS:
o 0 °(0") 0( DO)0; (pliO) + Jij(P"')) = D; ro:; + D;j roy + $<> (3,5)
wlwr<' 1/ all,l ,~ ,Ire the \'l'loC'ity l'flmp(Hll'nts ill the rand y directions. resJlcc,
liwl.\'. II tlU' pn~~Ilrt:, II tile d~'lInlllk \'i.';cosity. T the nhsol\lte temperature, k the
tlll'rlllall'lln,hll'ti"ity, ('" the specili,. 11\'011 al tonstant pressure, <P the viscous dis-
~,il'alion t\'rlll, ,) a scalar d"lwwll'llt \'ariahl,'. r its 1IS..,Ocilltcd lliffusion codlicicllL
alill 5". 5". 5"'. Illld 5<> an' till' \'"lul1wlrit' !-ourcc. or generation. terms for tlte
Ililprulll'int" ('llllation.





alltl fjis Ihe mass Hux \'t'Ctor "r. E'jlmtiu1I3.G tJ.'J1n'St'11I:i Ih,' r·m<luwnlll1l1 "quatillli
when;
j
S = S" - £!.!.
. Dr
the y-lllomentum equation when:
the energy l'quation \\'hen:






k -pi'r[ - -vTc,
S" 1 (OJ' Oil) I
- + - 11- + 1'- + -,I.
r. ,., Or {}y ",
f;I.l:.')
Integrating the ~o\'ernin~ Eqs. J.G illltlJ.i l1\'t'r 1\ l'tllltrol \',,11l1t1l~ \ , wlLi,.j1 is lix",1
in space, ~h'es;
i,f- ..irlV = ISdll
l~·[jd\f = [J
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,\pplyiug Gall.';.~' Di\"'~rgl;llcl~T]I(~()H.'m 10 Eqs. 3.10 an,l 3.1 i. the int<!l;raJ forms of





wlll'T!' OV is tim .~llrfnce of tile cOlltrol VO]UllIe, aud ;j is a unit outward \'{'ctor
Ilormal to the dilfNcnt.ial arca rls.
3.3 Domain Discretization
III tIm propost'd C\'FE)'I, the c:llculatioll domaill is discretizecl by a linc-by-line
.~tnll"tllr"c1 grid. Trkllll;ular elements arc constructed II}' llrawinl-( one of the two
111lssillh'lliagonals in parI! quadrilllteral formel] by the intersection of the grid lines
n'.sllltill~ from thl' 110111ain discretization..-\lJ the depen/lent variables are storC(1 at
nllllJc nodes ill the llumnin. givin~ rise to the so-calk'll colocated scheme. The dis-
l'rl'!i;>:lltioIJ of a Tt'prescnt:llivc irregularly s/Japcd calculation (lama in is illustrnletl
in Fil4. 3.in. An advl\ntal4c of tlsing triangular clemclIts is that they llo not require
isoparanll'lric transfurmations [4-11. which arc IIt'Cllcd hy general qUUllriiateral cle-
Olll'l~ thl' calculation domain is di.~n('tiz('(! with the trianl;ular elements. polyg-
Dual l'oulrol \'O!ll11WS fife constructell aruullll each nolle in the calculation domain.
11.\' jllillill~ tIll' millpoint ufthe longest sidt, of the clement with the midpoiutson the
two n'tl1aillil1~ sides. This r('sults in t\\'o control \'Ohune faces within each element.
'1'11(' pn].\'~onall·l.llItrul \'OIUlllt'S' :1.strllcled ill all irreg'llarly sltap('(1 calculation
dOlllOlin disrn·ti7.''l! hy trian~ular clements arc shown hy dashed lincs in rig. 3.1b.
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These poly~onal rontrol \"OlllIlll" ran'S h;t\'l' Ihl' r"lI"win)l; dlar:wlt'risli,'S: t I) fh,'y
110 not o\"erlnp: (1)1'1.111f.'t'liwly f111'y till llll' "Illirl' "akllinliull c1,llllaill: (3) lIwir
hountlaries do nol ;n\'ol\'l' illfl"rdl'llwnf ''lI~t'S: ;'lull (·1) lht'y "0111 h,' 11:<1;'11 wit h any
triangulation, Th<'!le l'iHl.r:lCft'rislics r;'ll'ilitall' thl' fnrnmlalinll of a ('\'FE:\\ Ihal
possesses the rollscml.lin· proll<.'rt,\' (3. 29. .1.11,
As stated pre\'iollsly, IlLe diSC'rl'lization sdll'lllc l'lIIplll~..,llIrr(IIl)l;''S Hit· n'MIt'S
in a line-hy-line p.1ttern, Such an arrall)l;(,lIIl'lIt tlf flu' llHI!t'S Af"lIlly fal'ilillllt'S lh,'
rulSCmhly of the coefficients in Ill(' tliscn'li7.I't1 l'llnnli"us, nlLlI 1"'fllIi1S s"ln!i"" "f
these equations willi ilcrnli\'(! lillp..by-lill" soIH'f'!;, FUrllll'r, rl slnu'tuIL't1 ult'Sh of
this kind is perfectly sllit,~d to Iht' lise (If I1lI1[ti~rid 11'('huil[111'S,
3.4 Integral Conservation Equations for a Con-
trol Volume
l!sin~ Ihe control \Ulnllll..'S t1dinl,1 ill IIII' pn'\'io1U; :.o,·tioll, till' illt..,.~ra[I·"rl.o;o'nTt1iull
equations. Elfs. 3,18 anll3.1D, ("all III' :-'11l-'{'ifi,'t1 fur 11 nllllrn! \... ,hlllll~ 11.'; fnllrt'A'Ji. Wilh
reference 10 the !>O!Y/,'Ollal t'Qlltrol \1,11llIlC a.'iSOCint\~1 wilh;\ 1:""i"111 nIMII~;} willrin
the cnlculation domain. Fi~. 3,2, ['Is. :U8 and 3.19 "1111 Ill' ,'(,-0;1 ill th(~ funllwill~
forms:
[I.'''' ..' I.""' .." J. 'JJ'1l ds- J,/,-,/.,- Sf/I,.,\II ,\1J \'
+ [similarC'f1lltrihutiolls from "r ll1'r "[f'IIWllr,'i (L<;'''Of'illt!~.1 wirh w"I,':~]
+ [hollllllnrycuntrill1ltilllls. ifapl,li,'al,I,.] = Il
[LM• LM. 1g.,j1dJ- !i.;i~d!l.\1, .\I~
+ I:.imiltlrcontrilmtions from other elements associated with node 3 )
+ Iholludarycoutrilmtions. ifappJicahlej = 0 13.21)
where ,Uk is tile mid[)()iut of the corresponding side of tlte triangular element. see
Fig. 3.2. Till:! timt hracketed (enllS in [<IS. 3.20 and 3.21 represent the contributions
llf f']cll1cnt 123 to the control volume cnllsen'alion equations for the control volume
~urroll/ldin~ nOlle 3. The control volumes in this two-dim(,lIsional formulation are
1ls.~lllll ...d to he of linit flepth, tlJCrefore. the surface and volume integrals in Eqs. 3.20
IlIl') 3.21 ((!()llce to line lind ,'fen integrals. respectively.
3.5 Interpolation Functions
Interpolation functions lire required for all depcmlent \'lriables. source terms,
alltl fluid properties that 1l!JI~ar in the integral ronsemllion equations, Eqs. 3.20
1I11d 3.21. It !ihould be noted thnt all thc interpolation functions are defined at the
.,It'mcnl lc"l'I. Each inlcrpolntion function is discussel in this section,
3.5.1 Interpolation of Thermophysical Properties
Alllh('rmophysicni properties, SlIell ns ,·iscosity II, density p, and all other diffusion
\'twtlkil'uts r an' sllPJlJi~l at thc thnoe nodes of each element. and an arithmetic
1llt':1Il uf tlJt'SC llodal \"fIlm'S is 1ISSUIlletl to prevail over thc corresponding element.
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3.5.2 Interpolation of Source Terms
The source terms. S·. S-. Sr. 1'11111 54 iutllt' 1"\111S('n-ll1 inn l"\lll11tiIllIS llr,' lil\t'ariz... \
S· IS;I, + (S;),'" (3_:!:!1
S· IS.~), + (S;), ", 13.:!Jl
ST (5.:), + (S;),T, (a.:!·1)
S· (~), + (S:),O, (3.'2[,)
where S. repre5entll terms indepel\llt.'nl of Ihe SU!lCThCriptl..1 \"ariabllo. a1111 Sr Jlfll·
vidcs for a linenr dependence of S on 1he CUrrl'ti]lOlHlin!t mrinhlc. Th~' l"allll'S llr 5,.
nnd 5, nre suppliCflnt the three noell'S or cnrll !'lcl1ll'nt. and Ih!'sl! 1l0lIal \":11111':01 an'
nssumed to prevnil o\'er tile corrcspollilinp; :mhl'ontrcol \'uJUlIIl.':'t_ The appruprial"
depemlent \'nriahle, lISClI in the lil1enri7.I.'d SOllrc(' Il'rlll. is :lIStI a........lI11U.. lln I.., 1111'
nodal value a550ciah..\ with tlu:! rorrf'S(lOlldilllt slIllt"untrn\ \-"lllllll".
3.5.3 Interpolation of Pressure
Wilhin an clement. tIle prcssurt' b illll'rpnintet"llincnrly:
p = IIp r + b,.!1 + r,. r:1.2G)
The coefficients a", b" 1111,1 l"" ill Eq. :t:!(j ;Irl' rldine,1 hy th~ nml"J \'lIhll.'Suf prl"s.·;rU!~,
nnd the geometry of the correspollllillJ.; triallJ.;ulnr 11I"I1ICIl1. Till! pr'~"'lIf(~ ~rHllil'llt....
cnn he expressed as follows:
Dr 1 :1
FZ ". J::i~!Jmlll,'I, (:1.27)
op J :1 (:1,2&)
oY b. -J,:i~l:lIlul,/JI
:!I
A mmpletc derivation of the fodlkie/lts in lhe ahove equations is j.(h"en in Ap-
Jl"lI'lix A. It shoul.] ]m lIot",] tlml tlie pressure j.\TI\l]ients within each clement nrc
1·'llIslllllt.
3.5.4 Interpolation of Velocity
Introduction
[II the prupoSl'(1 CVFE\I, three .litrerent interpolation functions for velocities are
IISl~d: (1) lII;~~S wcighwl interpolation (\IA\V) is used when velocity is treated
JL'; a 1:l>ilvectCfI scalar: (2) linear interpolation is Ilsed when velocity is treated as
a ditfllscd :o>calar; and (3) linear interpolatiun of II pseudo-velocity is Ilsed when
velocity Ilppl'lIrs ill Ihe mass 1I1lx terms ((J/7. til in the continuity ami momentum
1'(lImtions. The first two interpolation functions are discussed in this suhsection
and the third IVill he descrilJt'd in Sl.'ction 3.0.2.
Mnss Weighted Interpolation for the Convected Scalar
The \IAW scheme is an adnption of n positive coefficient scheme. introduced hy
Sdilicider and Raw [38] for (jnadrilatl'ral elements. to the case of triangular ele-
lll"lIls witll ('untrol volullles lit; (lc~crihcll in scetion 3.3. The essence of this scheme
is 10 I'HSllW pu~ilh'e cOlllrihlltiollS. at an element level. to the coefficients in the
alf.\l'htilic diSl.·tctizatioll t'ql1ations. This will t'lIsnre that tIle coefficients in the
'·lllllp!L'r,'I.v 111>S('mhlt'll alj.\e1ltnic tliscrctization l'quntion for n control volume will
hp pllsitivl'. Tllis will help to O\'etcomc llifficulties with llegative coefficients in
Sllllll' of thc pn,\·iolls CYFE:\I·s.
CtlllSidt'r tilt' l·ll'lIl1'llt shown in Fig. 3.3n. The midpoint of a control volume
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face, or intc/;fatioll surfact' is calk~lllll' illll'lo(ratioll point I:lSj, ilwl i,; fl'pr,'spnlt'd
by the subs<:ript ip, Thl' \'aluc "f thl' Cllllw"t,'d :;<."Ilar al lhl' illll'l::ratillll poillt i:-:
assumcd 10 prevail O\W the surface.
The mass flux across a parlil'ular suilt'onlrol \'lllllllll' sllrf:wt, within 1l1ll'h'1lL,'nt
is taken lIS posilh'c wlit'n the \'t'!ocil\' ,"('cl"r .11 lhl' illIO'~rali"lll'nilil i:-: ill Ihl' salllt'
directioll as the IISSllIllCd llormul 10 llw smfn,"', With rl'ft'fl'!Il'O' 10 Fig. 3.,1;1, till'
mass flux across face I is !!;i\'en hy:
(:l.:!!"l)
A similar expl"ssion can he wrilten for lIlt' mass Ilux ;U'flISS the Illhl'r sulll',lulrol
volume face within all clemellt.
Given the fl.SSIlIllCl! flow dirl'Ction showlI ill Fi,::, :t:Jh, fli,' :-'[,\\V s,'h"1lI1' ap-
proximates the values of n COl\\,ccll'll scalar, ", at Ill<! ;ul"'::f1Ilioli !I0ints lIll ("lIul rol
\'Dlumc faces 1 lind 2 as follows [3il:
f')i~, + 11 - /)'1':1
where
f = mill rlII'lf (~, Il)' I] (:I.:\:!)
all,l <1> refers to the nodal values, mill,) illdklllr:s a valuc at lin illl"l-(ralioll ]Joint.
Considering tlte sllhconlrol \'o]llnlC :iUrrolltldilJ~ nUl],! 3 ill F'il-(, :Uh. tit" iut'·j.(rn]
of the convectivc flllX Olll of the sllhl'fJlltrol \'OIIlIlW I'lln Ill! wriltt:u :L'i follows'
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/:,1' piiQ 'Iii ds _ L\:~ 1';':,), ii.~,l.~ = 'Iii (I - n'h -(11'1:2 - trilf)~2 (3,3-!l
III Ihis "I'M,I",III IIi I 'l/lIllli~ an~ positive. hecause they arc ill the same ,lirection liS
IIw assUIlII"!ll1lit Ilorllwls iii ;I/ld /;1.. rcslll.'£livcJy, Therefore. negative coefficients
dll" tn Ih,· al;J;,:1Jrai,: approximation of till) eonn'ctioll terms cannot occur at a
s,I!"'''Il1.r,,1 vol\llll!' 1.,1'1'1. f,r Ilt the coutrol volulllc le\'(~l. The more general case
wlwr" ,·ill,,·r or hoth rn",~s flux!'s Hrc l1l'gatiw will he sludic,llater. The "price" that
is l'lli,l II' l,avI: positivI: c,,,'ffieil'nts is 1\ less faitllful ac~ountin/-lof the directionality
or till' lIo\\', allli tlJl' distrihution of the sc.,lar over tILe element. This may rcsult in
i111·ft·I~'iI'r1 fals,' ,lifru~ioll in the llullwricnlly pfedictl..,<1 solutions.
Tlw illtl'gratinn point "nllll~ of the comcct"d scalar at iPI, which is assumed
t" pn"'ail owr ~lIrfal'" I. ..-all dcpl'lIrl 011 the "alne of the convected scalar at iP:2,
as \\'l'lIlls the l10dal \'allll'l'i of I). III turn. the iutegration point wllue of ¢'p>' call
rl"lwII,1 "II 111,· \":1111" of ,) at iPI, nllli at the nodes. Co,tsequently, n '2x'2 system
or Si1l111hHlIl'OllS lill('ur illgdmlic ('qllations, within each clement. must he solved
ill "rd"r to l'xpre:-;s the integration point "allIes in terms or nodal values, For the
"ll'tlll'lIt IHl'!lIssoC'iall·l! lIolllcnl'1atllre shown in Fi/-l. 3AIl. the following rules can
!1I' Ilsl~110 dl!1,'r1l1ine tht, illtCogtutiol1 poillt mille 0%, wlwre I.' is the index for tile
l'lllltrol \'nI1l11le ru('(', anti till' snpl'nit'ript I' intlicates a convccted scalar.
For "01llrol volullle fan' I:
If lil 1 >0 '.l~ Ilo~+(l- ftl'h (3.35)
If lil l <() '.l'; ~, (3.36)
wl1l'ft·
II = mill [1I1Il~ C~,O). 1] (3.37)
2-1
F'or control yolulll!.' face :2:
f~Q'i+(I-h)'h
where
h = min [nHI.1' (~,lJ) .11
",~
Solvin;; tiles!.' equations, the integration pnillt Yi\h\l',~fall Il('t'xJln'~~~1 ilS follull's:
.,
,,,t == ~ C.H,~ 'l'i (:.UII
The dt:rinltion of the C.lfi~ tefms is giV<.'ll in :\p[J~'wlix A,
Il should be notNI that if there arf~ oul,\' t\\"o cOlltrol \'OlllllW LIl'l'S lI'itllill l'iH'h
clement, which is the case of the proposed (,\TE~L the C.\fi~ tprlllS ill Eq. :Ul
call hl' ohtained directly from E<IS, 3.3;) l\wl 3.3G or EllS, 3.38 ll1ld :l,a!.!,
Linear Interpolation of a Diffused Scalar
In !he propos~l CVF'E:\I. the r1ilfllsive flux is ilpprm,illlill"d lISillj.( a lirwar illll'r-
polation of tile diffused sclliar ",d. within an d""wIIL TIl<' intl'rpolaliull (1Il1djoli
has the following form:
These coefficients are only fUllctiolis of tile d"llwrlt ,[ll'<Jllldry illtrl 1./11' /lurlal v:l!u"s
of ,p,
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3.6 Derivation of the Discretized Equations
1'" I,t,lnill "lgo·llrair ll[ljIToxilnatl"!IS of tIll' intl'g:ral (Jllsen"atiotl equations for it
'·'Hll,n.l V"IIIIlH:, E'ls. 3.18 ilIl,1 .':\.I!!. l'II)Hnxillllttions of the demcnt ~'olLtrill\llions
III ['IS. :J.20 ;md .1.21 an: ,]l'fin'd illHIIISS<:IJlb](!f! ill :til appropriate llH\IHH.'f. Algeo
I,rait: ;'J!)JrtJxilllatioIlS of til(.' hOllwl:\r.\' l:flllllitiollS arc then deril"cd. if applicahle.
:llltl llllll"d 10 til" ,·I"lIll'llt t:UlllrilJlltiuIlS. These approximations and I\s~mhly pro-
3.6.1 Momentum Equations
Iutegration of the Convectioll-Diffusion Flux across a Control Volume
Face
'I'll '!1'lI'nllillt: till' ,·I"llIt'1l1 ~'JlltrihllriollS to the intej.\ral cOllscrt'ation C(luatioll,
E'l. 3.:.10. il i.~ Ill"-"SSilfy 10 illl"J.;rat" th,' tlllX of lIlotlll'ulllm across the two control
[lllll'l.:ral"dflux'll·rosseontrll!I'ollllllefal'eJ.·] = hOUk i', ,jk rill (3.43)
\rithill "'11,11 1·1'·Ill"ut, tIll' 1"I111billl'll "'llln'CtiOll-diffusioli !lux of .x-momentum,
Eq. :3,8. ;(('mo.;s fan' k ,'all iiI' s"!';lratl'd illto its COlll]lOnent parts in the 1: :mil
.v ,lin"'linns'
p ,;; + J:; 13.4')
II'I(('r,·
.l; Oil (3..t5)1"111 - jlo:r
.l: iJli 13.46)11/'11 -/1-Oy
~G
The unit llorlll"llo the ClllllHll \"OhlllH' fan' k is d,'lin,·,\ h\··
whefl'
ill the proposed C\·FE~L tIll' illlq::rnl of Ill!' "lllllhiIlPd c',lllV",·lillll·dilf\lsloll nnx,
Eq. 3.-13. is npproxilll,ltc,L llSjll,~ Simps"ll·s !lull· Ii"!. Thus.
/'~<~k Jl'.,ikdll ~ [(J.. )~t +·1 (.l,,)~, + (.fr).,/.,! (:t;,l)
+ ~ [(J~)~t +·1 (.I~)~, + (.I~l.\I, 1 (:L"l:.!)
where the subscripts H <lod ,U iUtlieale Ihat lht· sllhsniptl·t! qllalll it)" is,·\"~,lll~It.·d
at the positiulls shown it) Filt. 3..1. f"r fae" ~..
lrsing the tlctillitiollsof till' illl"rJlolatiun fuuctioll i·'ll'f1i..j'·llts~i\·'·ll iu AI1I"'Il,lix
.-\.. the integrated flux across acontrul \·!Illllllt' f;ll:l~ 1.: ..all Ill' wrill ..n ill l.1w rllllllWill~
compact form:
where the suhscriptelllllllllhers f{'f,·r tl) the u",ll~ lllltlllwritll!; sdwnw ill Fil::. a.·!.
The integral of tIll' SOUrt~ tl~tlll ill Eq. 3.:?O is approxilllat,·d liS:
r S"dV = A, [IS;I + (S;) ", - -,' t ""'''''f'.] 1'1';"11lv, J I ff·/ ,,,I
where S" indicates the J:"Il101Jlent\lllISimfl:f~ tl~rlll artlll.JI'~ prl'SSlIfl' ~ratli"lIt Dp/fJr,.
ror a complete dcrh·alion uf E'ls. 3 ..j3 aull a..j". tltf: n~ad!~r is rd!~rr,:d III AIIP"wlix
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fJ. Till' ,jf'I. and !Iff/Ill, IcrlJl~ ill E'I.3.,j.1 T,'Mllt frolll lh~ .L;f'Ollll:'try of the dement.
Fiual Form of the Discrctizctl Momcntum Equations
EXl'n'S~ilJlIs silrJillir to [fl..'3Jj.11:;1Il he dcri\'('d for titl' integrated COll\·cction·
dilfllsiOIl !lllX IWTm;s t.lj(~ two (:olltr"\ vfllume f1h:l'S in c:tch ('lenIent. \Vlll'n these
'·Xllrl'S.~illw; lire added approprinldy willi .~illli\ar expressions frolll othcr c!em('uts
wllidlll1akc a l'Ontrilllltioll to tl!econtrol mlllmeSllHOUndinf: a node i. a\ollgwith
tIl" npplit:lll,ll! ltullIHlltr.\'wlltributioliS m1l1 intq.;r"ted source terms. Eq. 3,05·1. the
Hlw·braic nppr<lximatiollof the iut"~ral cOllscr"ationeqllation for acontro\ \"O)ume.
E'I. 3.2(1, i~ ohlaiUl'd. The wSllltill).\ disrtf,tizcd ,C-1lI0IllcutUHl equ81ion call he cast
in tlil' fullowillgfnrlll:
(3.55)
wlu'T!,t!L,' ,"1I1111lla!inll is II\k('1\ OI'"r all tht? 1l(1l!L-S ncighhourillil nnd..: i. Appendix C
allt) Fill. :}..l dl'lll(J!Il,trntl' tlte colllpll.'t.c :I.~s(·lllh\y uf Eq. 3.55. and the neighbonring
1l11l11'1i lhat arc iu\"oh·t'll illtltl' '''Illation.
.-\ silllilnr prur.:t·tlnrc I'nn he followcd to dl'ri\'c the algchraic approximation of
I hI' !I'llloll\t'1I111Jll ('(jllll(ioli. The /illal form of tIle discretl7.ClI !I-l!lomentum can he
writtl'Ila1;:
1/7/'j = L I/~ /'" +rf (3.56)




tcrms (pr· in in the ":Outlllllitr and ll\Ollh'lltllllL l'ql1atitlll:". Th!' ;lpprual'il 100k"11
here is to usc n pnrtic1l1nr form of rhe cliSl,t!'riz,'d 1I1!1I11t'UrUlll !~lll;lliuIIS 10 dl'lilw
four new 1I00lnl fields, which will ht, ll><f'<l in Ihe Pr<'S!'l'ipliollUf1<llitahl,' ilLt,'rl'"ln-
lion fUllctions for the "1ll;lSS cOllsl'l'\'illl!:" wluciti!'S. Til ,It-riw 11ll':-;" f\1IWlillll1' rill'
discretized L-1Il0I1Wlllll1tl Eq. 1.53 l'an hI' writtl'lI ill Ill!' fnllnll'illJ.( fllrlll:
In this expression, the e~ l('rlll uf E,[. 3,,15 hns \"~'ll Sl'parat,'d intu 1\\'11 I,'nlls. Tli,'
first of these terms is rdatt~l 10 Ihe \'Illulllc illtl'J.(rnlllf au ;I\','r;,.L(" Iln's.~l[r" g,ratli"nl
he rcarran/tcd as follo\\'s:
Defininllli; and d'; as follows:
Ii, =
Eq, 3,58 can he written as:
CUll)
where "r is a mass cOlls,:r\'ill~ \'r:lnl'ity ,'OlllPUlLClll, alld ri is a pSl"tr!o-\',:lrwity.
lI~inll; E'l' :L';'J and 3.GO. [t shuuld he llotc.ltl!llt !Ill' pscudo-velocity Rml prt>5sute
,:"dfir:i"lIt lidfls Shfllll,l 1,,~ e\'Hlllat,~1 b.~ff)r" tIll' ,lisert,tiletl momentum equations
Ilf'~ IHlll"f·f,'lax'!f!. Furt!l.!rlllfJr,:,. Ibl' Dirichlet hOllll'lnry conditiOIlS Oil the \"(:,Iocity
""llll"llll'llts (if allY) Olfl! imrl,!mf'lItl~1 as follows: attlte points where the n>locity
is Sl'''Cifi!.11, t Iw appropriate Ii, or i', is sN .1l1ml to t!l(' specified \·clocit)·. and the
,'"m'~pO\lllillV; II: Uf II'; term is set to l,~ro,
Interpolation of Mass Conserving Velocity
Within all ,'I,mlCl1[, each "mllss cOlls('rvinp;" \'rlocity component is interpolated by
n"~lIl1linll a Iillf';lf \'ariatioH of til" r:otrcs]Jonding pseudo-\'elocities anrl pressurt>
('(1I,md"llts llsed ill conjunction with the locnl elemental pressure gradient. Consc-
'1I"'lIlly, 1111,' nlll \l'rit" the followin";t'xpre:;sioll fm the "lIlass conserviup;" \'clocities
(ill tIll' rllin'l'tioll) at ";Ich 1l011t.' within aurlr'llJellt:
13.02)
Wh"fl' lh.. Ii, allli d7 t,'rms n~u1t from thl' ,Iisactizcd momentum eqllation for the
"I'prupriak nodI', The sllhscr;pt. f, all the preSo';ttre ,.;radient illllicatcs that the
l'!"llll'lItlll pr",~sllre Ijradiellt. and not the a\'l'rH~e pressure gradient over the control
mllltlll' Sllft(ltilldin~ node i is being used. TIlis is dOlle, enm though the pressure
"IIf'lIi\'i"llts d}' arc ddlIH'd hased 011 the momentulll fliscretization equation for the
,'I'"t rol \'nIUlIh' .~llrr{l\\lIdi\lllllOdf' i, Ef!. 3.Gl. If the (l\'cragc pr~sure gradient act·
ill!!; Oil tit" I'fHltrol l"olullIe surro\ludin/o!; the no(le were Ilsed in the interpolation
IIr ··Il1;L....~ fnl\s('rl"in~" wlodt.\'. it \l'ollld hal"e two disml\'antagcs: (1) physically
IlIlft'albtk dll'I'kerhonrd type pressure fidlls conld result: mill (2) tlte resulting
,lislTl'lilatloll 11tllalio,; for pressure would rontain a huge numher of neighbours,
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that ('ould It'fUllo all unwi,'llly (11111 m'lI-r"h\lsl ('\"FE~I (3;"1- TIll' I'r"I"lII<'tl in·
It'rpolll.tioll ap{)(',,1':'l inCOlIsis!t·1I1. hili if Ilu.'S nOI sllJf"r frllm Ih.' altil\·.··m.'lui..n.,1
Ilisad"antages. ~lorl'O\'f'r, in lIlt' limil, iL"i lilt' ~rid h,'1'Il!llt'!i wry tin.', th.· a\"o'ra~t'
pressure J;rmlicnt acting 011 the ,'Illltrol ",lullI" an.ltlll' ,'I"llll'lllal\Irt...."iurt' ~rn,li"llt
<\ppro..1ch the s.1mc \'"ll1e {3iJ.
The pscllfl()-\"('lociti,"l\, Ii" and lhl' pft'ssnn' "twlticil'llIl' d~, <1ft' knuwn <II til<'
lIodal points, III order to t1clcrJnillc ,hi' \11111.'S tlflh,'SO, tlUlllllili,'S III Ih,' illll'Krati"lI
l)(Iillts on the control \'olumc ff\Ct'S within Ihl' 1'11'1lI1'lIts, it lilwar inlt'rpulalinnllf
th{" nod1l1 values is lIse,l:
il; = tI~.1' + I,.. !I +1'"
The 11. through r. coelllriellls arc flllWlioliS uf tIll' .'I"lIll'lIt 1;.'tI!llI'lr:--', lllllllll' IIt"lal
pseudo-\'Clocitit'!l. w!Lcrca.'! the (101. Ihrnll~h "~ l'ul·ltici'·llls tl"pl'llti 011 ~.'t'IIl"'r,\'
and the nodal pr~lIre l'UI·lficil..·lIll'. A l'umpll'le '\,'r;\11Ii"l1 "f 1!L.'l>t, "uo'I!i.'i"llls
and similar expressions for "mass t'nll~'n'illl;~ \1,I(witits ill !/ llirt't,tiull i."i ~i\"t'1l in
:\PPCOIlix .-\,
Integration of tbe Mass Flux across a Control VolumC! Ff\cC!
The integral of Ihe lIlass flux acruss a ,"olltrlll n,llllllf! far,- L, ma.v I.., ,'xpro......... 1 :~..:





Sl\bstitlltill~ Eqs. 3Ai all!l 3.02 iuto Eq. .').G,) gin's:
Sllhslitlll.in).!; EllS. 3.27 and 3.28 for the clement pressure ).!;radients into Eq. 3.G7,
illlflllSiuf.\ Simjlson's Rule to npproximat(> tlu,: intcf.\ral. Ollecan ohtain the following
"!llJlpact f(lrm of 1,11l' intf').!;mtcd mass flux in terms of nOllal [lrcssurcs:
A I·Olllpll·tC l[eri\'lItinn of the E,~ and B k terills is gin'l! in Appelldix n.
Final Form of the Discretized Continuity Equation
CX]ln'ssiolls similar to Ell. 3.G8 call be (Ierit'ed for the mass How across tbe t\\"o
('(>Ilttu[ \'olnllll' fal"'s in Illl dl'llll'lIl. \\'hen tllO.'se exprl'SSiOllS are added llppropri-
<lll'ly with Similar l'xpm,siolls from other e1emenfs which make a contrihution to
thl' "outrol \'(I[llJllC surrounding a node i. alonl!; with the applicable houndary con-
triJ,lltions, 111(' nlJ.;l'hraic npproximation of the intcl!;ral mass conser\'nlion equation
fllr 1\ ('Olltrol \'(lhl11H~ is fornwd. Tltl' r(>sultillJ.; ('(luation cnn he cast in the following
form:
(3.69)
wht'fI' till' sIl11l11lalioll is tnken owr Il.ll the nodes neighhourillJ.; node i. Appendix C,
1\lld FiJ.;. 3..1, ll(~monstrate lhe complete ns..,cmhly of Eq. 3.09. anl! the neighbouring




U the node IlIIdl'r consideration i.. lo("at~1 in ,11(' ,'aklllatiOll .lullIaiu. nn Iltlll",lrlr~'
conditio~ are prest'llt. :mcllhe spt.'("ific·aliullllf lilt' clist·n'ti7.''lll'tlllalinns ,liSt"L~'l1
pre\'iously is complelt'. For nodes loc;lIl'll UII hOUllllan.'S. 11IIw.,\w. IIII' di:·wn1iz.'l!
l'(luRtions arc incomplete until the' !lux across 111(' si.l,'of dl'IlIt'!1I I::!J. fruUI .Hlln :l.
in Fi,;. J.2h. is spct:ifil'!l to complete tbe l-uulrill\ltioll flf dC'lUl'lI1 1::!3 til thl' ''11111 rill
\'olume surroundil1~ Ilfld,' 3, The Irallsporl of till' Sl•.'lllar clepl'lItl"1l1 \·llriahli'. ,).
ont of the control \'olume from .HI 10 nOlle 3 rail he spl'l·tlled liS:
[
Illlep;mtt'llflUXOfoulItOf] j:l r ~ I (3.70)
control "olllllll'silk' .\[ltn3 = .If'·' III .~
where ,-i is the olltwarcillnit normal \'t'c:or to the c!clIIl'nl si.lt·.I.'l, TIll' 1:(\Il;lliliIlS ill
this SuhSl'Ction are wtillen for the ~,'neral scalar .klwn,I"lIi '~HillJ,I,·. l~. h"......,'·.·r.
they may he interpretl'll as l',!llations for lilt' e>tlwr .ll'pl'lId"lll \1lrillhlc'S. II. II. T,
nnd p. where indicatl'!l. Tile cll'ri"ation or tlU' al,t;:dlraic al'l}roxilllati'll\~ IIr Ih,'
tlLr~ types or houndnry mlltlitiOllS. whid. 11[(': (I) SIH..'('ilil'll "nine ltullIlflary; (2)
specified flux houndary: allcl (3) Dulllo\\, hCl1llldlUJ. 1I1lcl the iu("nrporntiull or 1111'SI'
houndary contrilmtiolls into the lliSl.·retiZt.... Il'lluatiolls lIrc clc'Sl'ril"'l1 ill th.- follllwillJ.:
sullSC'Ctions.
Specified Value Boundary
Tile specifiC(! \';LIUe boundar,}' COllllitiullS is IIH~ .~i/llplf:st III Hpply; wlll'1l 1.l1t' \'/lIlli'
of 0, is to lie gil'ell It spl'Cilic \·alue. ,>.".... Ihl! Ilisr.rr.tized c:Cjuatil>ll r(Jr Ilc){I,~ i j~
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writt"'ll in tll'~ f(Jllowilll; fUTlII:
(3.11)
It is illllll'~IlWl!ted lloY sdtilJ,L!; alllhe calculated eodlicicnts in the Ilpplicahlc dis-
"rt't.iZt:lll~jll;ltiou "qual ttl zero, aud definiu/!;:
(3.72)
1"111'1"1' Q ('IIn he replaced IJy II, II. T. ur p. a.~ requirt'll.
It should be notc(l 111:11 for Ille specified wloc.:ty houmlnry. hoth velocity
Hud pSI'udo-vplul'ity bOll111lary cO!lditions:He implcllll.'llted. The spedfied velocity
houlIIlnr,v ,'o:lditious for ]lsclldo-I'"locit ics han· hl'Cll lliscussed in section 3.6.2.
Specified Flux BOlludary
Tliis houudary (uuditi"l1 is Ils~d wlll~l\ the !lux, of the quantity of interest, "cross
a hOllll.lnr,r is s]ll'l:itictl. Ir Ih~ specific(] !tux out of the cOlilrol "olumc is denoted
h.I·If. l'(jllation lin canlu' writlr1\ as:
(3.13)
\\,h..r(', rl1lla.\' hl'll l'ollstalll or a fnllction that can he intellrflted in closed form
<Iw'r ,lu~ hnlllldary surface. \Vlil'n lf is availahle only at tlie nOl]es. then linear
illll'rflulation is used het\\'l.'Cll the mull's, <Hili the illll.'gral of Eq. 3. i3 is writtell as:




Al OIltHow hOllndaril$. if Ihr .l"llI'llllt'llt \1\riahl., i.~ 11<11 slJt'\'ili"d, Ihl' dilfu:4"11
transport is matlc <.'lIUal to 1A'ro h.\' srllill.!-!: t!lt'll"l pn.lllt'f ••ftlll' ~rallj,'nl "f .., ~ll"
the outward unit normal \,,-Ior to Ih,·l.ollllt lary. ii. "luallul"n';
f'(l.jj = n
TIIL~ houlld~ry contUlion isuS/..'11 to,IL'i(''(Innt'l.'llh~' ~·"klllill illilllUlllain frnm "xlt'rllill
illRlIcnces acto~s oUIRow hOIlIl,larics, T11\' ...· will, !l'IlI'P""f, IH' a 11111\Wti\",·1\lIx
fleross outflow hOlilldllrieill, This !illX is int('grawd 11K (flllows:
[
JUlt'lWl1 OfCOIlH'ctil't,flllX Qlltnf] (I ~ - I
cOlltroll"Olumesitlc.\/1 toJ = 1.\1, W,<)· II 1,~ (:J.i'li)
In Ihe propose.! crFE:-'1, i111lllgl'lln\ic approximation or this inlq!;r:ll is l,l'laillt,l
h,\' Msuming Ihat <), lln'\'nils O\'('r lhe rontroll1,I'lllle (ur /ltllie i, Tlll'm:L.....o,; 11'lwill,l!;
out of Ihecolltrol \"OIUIlI\':
[
IllICll:ralcclmn.......81IXOlltU(] = tl 1I~'ljtl... (J.il)
controh'o!ulll\'S!t[l',\[1 t03 1.\1, I
is approximAted h~'lISStllllinglinear interpolation of fI' /I. 'll!llv 1"'IUo"1l tw~, 111"1.",,
on the houmlary, sueh as notles lau<1 3 ill FiV;. 3.2". It shlMllil IM'II/'ll',1 thal ill
Eqs, 3. TO anti 3, ii. jt is a ~mnss col\Sl'[\'ing" \'do('it~'.
To complete Ihe 5»cd6Cl\tion fir tht· 1tI0l11Clllnl1l. l'UlIlilluity, :1IIt! W~ll,~ml
cOlll'cction·'[iffusion equations al !InItio\\' l"mlHlnrlt'l> tile illlpgralcd l~t'IIVf~'livl'
filiX :teross the hOIiOllnry hM to l,e iUl:orpornlt,d iulu til,! rrmllS of lite 11ilil'rdi1.f!d
e,!uations lllat hal'c heen ohluin('<1 from t!lelllfmt elllltrilllltiollS ;lloll'~. 'fllis is d"!II~
hy adding (he inteKrnt~ll1\ass flux, Eq. 3.ii, tf) tIle IlpprOpriut1! 1:odlir:i'!ut rllr t/J"
where 0 is replaced hy II, v. or T for lhe :lIJProprifltc Cflllnlioll,
3.7 Solution of the Discretized Equations
3.7.1 Solution Algorithm
IIIIIL,~ ptoP(~'w<l C\'FE:\I, 11 cOll]Jlt~1 sd of noulilu'lH all4ebraic equations fo! \'e!oc-
it.y. J)r{>s.~llrl', a\lfllJtll(~r trauspor!,~I.~ralars nrc olitailll"d as approximations of the
f'IIrr".':ilwurlillJ.;: iutcgral COIlM!rvlltiou (!qllatioll:;. Tile nouliucarities in the Cf!llations
/lfC soh',~l hy all itcrath'C Sllcccs.~i\'(' suhstitution procedure. ill which the coeffi-
d,'ntt; ill till'se eqHlltioll!! il~ cvnlllllh'li \ISill~ the most updated llvailllhle ntIUt,:>.
,\ Sl~,",fl!glltr'fl snll1tioll method with lll11lti~rid techlliques is Ilsed to solve tlJcse al-
W'hmic '~lllatil)lls in this thesis. The on'rall solution procedure proceeds in the
rull,.win).;skps:
J. Glll'55 tIlt' 11rI'S."llrt' Helll. windt)' fields. am! allY other dependent \'Miables,
" E\'ilillat~' ll11thc coc/lieicilis in the discretizcd momentum equations, Eqs, 3.55
:ult!.1i:i6. ,'xrludillil those fl'Slllrill~ from rlle integmJ of the element pressllfe
p;rmli"llt O\'l'r the conlrol volulIIe,
3. E\';lhlil!t.' till' pscllllo·\'(·lodly ;11)<1 prc:;sllre codficient fields llsiuJ.: Eqs. 3.59
;1l111 3,60. Apply the hOlllular.\· conditions, if the specified value boundaries
l'xisL
.1. E\'alllatt~ the coefficients in tIll' discrl'liwl continuity Cf\uation. Eq. 3.69. Ap-
ply the appropriate hOlilltlnr,\' <'PllIlitiuns. <tnd solve the algebraic ~'quatiolls
to ohlniu till' pressure field Il~illg 11 [illl,.hy-line lrir!iallonal matrix algorithm
(TDlIA) 1291.
5, Emlnate the contrihufion uf tIlt' \'olulIlefric integral of the appropriate pres-
sllrl'llrndientlo the control \'olulllt! di~rctization equations for momentum,
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l'onditiolls. if Hl'l~ll'(l.
G. l'1Il1l'f-rel<lx the .liscfetizl'llllL(lllll'1\l11111 ,·llllatlllll1>. 1I11l1"",I\'p tlwlll tll "I,t"il1
the velocity ti('ld~ llsilllJ; a TD:\I..\.
I. Evaluate lhe cOI,lfil'icllts for IILe otllf't d"!WIHII'llt \"arinhl.·s thaI ar.' n'lIph'd
to the flow fide\. :\ppl." till' nppropriat" I" >llII,[;Iry n'm!il i. >Wl, 1l11lIplT.·I:IX till'
l'<lllations.1\lld soll"l'.
8. Repeat steps (2) - (7), l1util a sllitahl.\· l'oll\,'r~,'d solulioll iSOlbl;lill".1.
9. Solve for other ,lcpt'udellt \·;lrial)lcsofintcf!'.~t tlull .1"lu.t iulllll'lW" 11l1'!],'W
field
It shonlt! be noted that the allow' algorithms dll lI"t iu<'1IUII' th.· 1I11l1tilJ;ri,1 h~·lt­
niques, which arc IlisclIsscd in tlll~ Hext l'hnptl'r.
3.7.2 Under-relaxation of the Discretizcd Equations
The eliscrctizatioll equations arc llonlillc:lr awl coupl•.',1 all:l~1Jr;ji,: l'qllalil'IlH. Thl'
nonlinearities nrc resolved hy iteration. If the chanw' illlhl' s"llltiol1 lil'ltl frolll
one iteration to another is too lnrge. tIll: .~olllliou milY IM'gin 10 llowill"h'. Illlt!
evcntually may lliverge. Thi:'i problem is cOlltrollL~l by llsillJl; tIlt, 1t1l,[I~r-n'laxati\JlI




wlll'n! u; is tllf' vallll' "f 11, frlllll II pn'dolls ilt:ratinll. anrl flU is the under-relaxation
l'arauwtN 1/1 < flU < IJ. :\ .:nlll[J"ri~oll uf Eq. 3.78 with Eq.3.5,i SIIOWS that the
,',",·I!id.'nl Jllilltiplying If, has lH!'!1l nHldilil!'1. 1111<1 1\ new term IHls lH..'(!ll alldell to
Ill<' right sidl'. \\"11<'11 '"'JIl\·':tgmlt:" is tf!lIclll'd, 11, = 1/;, and Ef[. 3.78 reduces to
:\ sillli];,r llll'fhod is ll.~cfl to lluderrdllX the y-lllomentUlJJ equation, using the
pHtIllllf'l.N ft". TIll! ':OlltiIlTlity e«uittifJll is /Jot relaxed, as this wOlllfl imply mass
sflurn' Ilrsillk tl'rlllS ill till' rliSl:fclilcd equation.
3.7.3 Solver used for the Linear Algebraic Equations
III tIll' prnpos('d C\"FE:\L II liuc·hy·line Tridiagonal :\Iatrix ...I"lgorithm (TO:\IA)
[2!J] is IIsf'd to soh'" th ... nlgebraic rliscrctilation (,f[nations. The TD~I.-\ solver llsed
ill 1his 1111'sis a!lu\\"r~1 for sweeps ill a!t('rnati\"e flirectiolls, Le" ill hoth r. awl y
,lin'l'liulls, whi!'!, slrongl,\· l:n1J:lllcl'S the convergence rate of the solutioll to the
3.8 Summary
'I'll" C\'FE:<'1 dl'Scrih,!d in thisdw.pter may be userl to simulate steady-state viscous
ill(,olllprcs~ihll' !Iail! nows" Some salllpll! solutions lire included in Chapter 5. The
I!;oal IIr tlli," till'sis, ho\\·e\·er. is to improve the convergcnce ratc of this CVFF.:-'I
l1Sill!-\ llluhi!-\rid tcdllliqul!s. The lllultigrid methods used, and c1etaiis regarding





F'i~urc 3.1: DiM:rctizatioll of ll1l irr"!!;1l11lf ~hapl~d r:Hklllatioli dOlll1lill hy IIll' jJr,,·
))()sel! two-.limcnsional C\'fE~I: (a) Ihrr;l"/Iod,~ triauJ.lular d('llJ'~lIts; amI (1III'ulyJ.:-
ullal control volumes.
,.
Fil-:llrl' 3.2: DPlailli of Ihe dOI\l;\ill discretizntion. and related nomenclature: (a) all

















Fil!;ure 3.3: Element usc,l in diSl:fl'tiz;1tilitl of :-'1..\W sdU'llll~: (a) 1I~"'ll'illll·,t 1lIltlll'll-








• • •('.j_1) (1.',)-')






















• 1 • 1M,
Figlln' :1.·1: 'I'll<' llml{' dUI;Il'f ill\'ol\"(~l ill tile dbcrctiznliOll I'<luatioll for ll11odl' It.!).
and fl'[all,d 111l1lWlldlllllrc: (n)nll intcrunlnode (I"I) and its maximum numher of
Ilt'i,c;IJhtlur 1ll111l'~; {Ill quad I. '.\'1'(' ll'lt>lllcnl: (e) qumll. type 2 dement: (Ii) (IUad




~lulti,:;ridmctholill Clllll{'alllosi~llitk:lllt illl'r"a.... ·.~ in ,'llllV"IW'III'" rnll's 1'1'1" ilnatjl','
solution ledl1li'jlll'S. III this llwsis. It 11l111ti~rilllllt'111l1l1is Ils,~l illlh,~ \'oul,'xi !If tilt'
S('grel{t1lcd solution al~oritilln For the CrF'E\llll'St·ril ..~1 ill tilt' Ilrl·\"jlllls ,·h:,pIN.
Since the dc\"('lopmt'lil of the llllllliJ;rici 11,'(-1111111'11' b 1ll.1 "rij.\iu;III,' Ihis 111l'liis. ''111,\'
11 n'r)' Iimill'tlllt'SCriplion of 'hI' COIll"'ll!S uf liIultiJ.tri,1 ilt indlldr',1 ill III is ,-II:'I'I\-r:
cmphnsis \\ill he plal'1..·d 1)11 the impll'IIlt'lllalinn uf a llmlli)l;ri,llll~"rillllll ill Ihl'
context of the CYFE\1. For n .tclai\t,.'ll inlrorhll'lnr~' "'xl un lllllhil{ri,I, th,- n'm!"r
isrefmC'l:lloIlriwlll].
In this chapter. the coneeptl> of lilt' n:si.hHiI '''IUHlillll. ",I:USl! ):trill ' ...rn ...·lj"tl.
prolongation. injl'Clioll lllill \'- 111ld F:\I\"-,·.wlt':'i will he iutro,hw,~d. TIlI'lI IIIl'
delails of Ihe llIuhi~rid implcllll'llt:llil>lI ill tlt,~ ,'''llt,'XI of IIH' C\'FE:\I will Ill'
lliscUS5eiI,
4.2 The Residual Equation
Ali (',I)
wllt'I'" Ii is tIll.' "X1II:l sn)llti"l1 of Ibis sy~tl'll1. nnd f is tile constant term of the
S}'st"JIl. Tllis sd uf "qulltinm; ('an rcpres{'lll allY of the discretized equations dis-
"llssl'd illllll~ pn~\'i"l1s dluptt·r. Clearly the rxact solution to the ;:>robleffi A.u = f
is unknown. wllil,- all Hpproxill!atioll V. lI'idell ('llll he calculatell lIy some jtcratin~
lIll'tllml. is known. TIlt-fC life two important l1lcnsurcs of vas an approximation
e = 11 - v 1',2)
Unfl rlullal"].\', llit~ alj.!;!'brail' ,nor is also unknown, since the exact solution ti is
lIut ami III bit,. IInwrwr.;1 ('llllIputnhle measure of 1101\' well v approximates ii is
tilt' tI'sidlllll. whkll "IH1 Ill' expr"sSl,d lIS follows:
(',3)
Till' TI'lii.lual is simply the alllount loy which the approximation;; fails to satisfy
till' tlril-:illUI prnhll'1IL .-iii = f. [Is size lila)' bc lllCMllrCl"I hy any of the standard
I'!~'ror rwrlllS. TIlt' 1\\'0 most /'OIllIllOIlI,\' lIsrc! norms ror multigrid purposes are
d"t\lll'll hy:
(
N )1/151/",:= l~l~l~'\,lr)! Hud Ile1l1:= f;r;




This is the so-l'I\ll~'cl n'sillllnl"'ll1,llioll, whkli snvs that Illl' ,'rror :<;ltisli,'s tIlt' sam,'
set of ('(Illations as lhe unknowll ti wlwll r is n'plar",II.,I' f. Till' fl'Si,I'lal "llll;lli,Ul.
tllld its forlll. ]lln,\' 11 signilkant roJ,· illlllultigri,l al).\orilhllls,
The rcsi,lualequ<ltion. aloll!!; with Eq. L!. ,'au h" 11"",1 ,'If,,,.li\'l'l,\· t" IIbt;till a
h~,tter solulion, The procedure is as follows: 1l.'i.~1lIllill).( lhal an :ll'pnoxilliatiull v
litIS he(,ll evaluated hy some itNatin! IlWlllOd, it is po:<,<;ihl,' til ,'I'alnl1l1' tIl!' rl'si,hltll
fusing Eq, 4,3, To improve the npproxilllilti"ll v, tIll' n'"idllal "'[lIalioll, 1':'1, ,I.(i,
is solved for e nmltlK'1l 11 nell' IIpproximatiolll'''U lJ1' IJhtaiw'd using tIll' ,l"'initioll
of the algehraic error:
P,i}
TIJis is the essence of lhe [(o:>idual corrcctiotlllll'thlld. whit'h pln,vs a "pry i1\lporlallt
role ill the formulation of nmltif..iri,1 al).(oritll1l1s,
4.3 Coarse Grid Correction
It is well estahlished [131 that llIany oftlte stHnllard it"rativI' s"lntiollllldltfuls, fur
('xample, Gauss-Seidel and ,Jacohi llll'thods, PlJSS'~SS a smoothing prnpNt.y, Tll1~w
methods are very effectivc in eliminatill).( hiJ.lh fn~f1llellf:y ';OlllPOIll:llls of llll~ "rror,
while leaving the low frequency components rdati\'(']y 1I11f'haIlW~'1. TIt'~rdllr,', thl'Sl~
methods illustrate a high convergcnce rale ,Imilll-\ tll1~ first fl~w il'~lalifJlls, bllt tIll'
rate quickly decreases a.'l the Iligh frequcncy ':IJllljlOlwuts arl~ f']illlirml,:d, Ilwl fm'~
is left with only low frequency compollents of tile ,~rrur.
(IIW wa}' 10 impruve tIl!' enllw'rw'nce "r all irl~mti\"e lIll.'thod is to \lse a good
iniri.!1 ~II('!>S, :\ silllpl,~ ,,~'jllrilpl'~ fllr nhtainillA all ilrljlroWl1 initial A\lCSS is to
lwrf"rur ,~lIrrl" prdillriuHr,\' irl~mtilllls nil a coHrsI' grid allll tlwn lIS(' t1rl'se results as
"n ilrit.ial 1-\1II'SS IHI tIll' IJriAiMllill!' Arid, [tl'mti'Jl!IJIL a coarser Arid is less l~xpensi\"e
sill"'~ llwf(' IIrl~ fl'w,~r ullknowns lo he P\'l1luatl'd. HOWl!n'r. it is the following faci
lhat. lllakl!S nJar!>l~ J,!,rill itl.'ratilJ!l rrLOre atlracti\'e: tIle smootl, Ellolles of the l.'rror on
n Ii Ill' p;rid an~ leSS,~IJ1Ulllh 011 a coarse Arill, Tlds conclusion crm he etlsily seen from
Jjl4rm~ ,1.1, widell shows thlll :t ,smout]l \\'ave un 11 Arill with :\" = 12 is projl.'ded
din~,tly to a I-\rid will, ;V =G(for more rigorous verification. see (-12]). This fact
SlJl4Al'sts Illat WitI'll iteration heAins to stall, nWlllJinl-\ the predominallce of the
slJJooth ('rror millie,s, it is lhelladvisllhle to 1Il0\'(' to n coar~r I-\rid, on which thosp
smootlr I'rror 1l1olil's appl?llr more oscillatory and iteration on tllat !-Irid should he
llJllrl·dft'diV!!.
..\t Ihis point, Ihe idea of \Ising a coarse I4rid and Ihe residual equation, Eq, -1.G.
I'all IJI' incorpor.... tl,,1 to f"'flll a powerful itr~ratioll sdJCm~ - till) coarse grid corfl~C'
lion sehellll'. which is l'X!HCSscd as fullows:
I. 1t1'rah~ on AU: = f on a fine grid 11~ 10 ohtnin an approximation v~.
3. [II'r .... tl' on the fl·sidu .... l ('\llIatioll .-\C' = r Oil a coarse grid 112~ to ohtain an
approximation to thc .'rror (S!h,
.1. ('urrt'd Ilu.' solution approximatioll ohtainctl on 11~ with thl' error approxi-
Illation oIJllliut'tl 011 n2h : ;;h ..... ;;~ + e!~.
Till' ~llpt'rsl'fipts 11 awl '2h ill till) ahow t'xprt'ssions indicate the grid on which the
~!llwrS/..'rjplt'll \'llrinlJll' is ('mluall'll. hI tllis procedure olle would iterate on the'
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fine ~rid llnti! thc l.'OIl\·rr~t'nl.'l' l!l'\I'ri,lrall'S. Tlwn ih'r;lli(ln~ would lit' pl'rfllr1lwd
on the r~sillunl (''Illation llsinJ.( a l'('anwr grid III ohtaill an apprnxilllatinll til !lIP
error itsl'lf. This l'HOr \\"ouhllJl' ll:<I'd to l'OrTt'ct lI'I' apJlfoximlltinn tu';; iniliall.\"
obtailll'd Oil the fllll' g-ritl.
4.4 The Multigrid V- and FMV-Cycles
L'sinA the residual equation ali(I thl' coars,' Arilll'orn~,tilln SdU'llll', m:ln.\' fllrillS
of lllultiArid cycling schellles can he den'loped, slleh ;\.<; thl' \·,<"y.. ll~ .<;<'1l1'lll", Ih.,
\V-cycle scheme, ;\mlthc flllllll11ltigrid \'-('~'rl(' (nl\') Sd\l'lllt'. [n Iht, prnpu:<l·d
C\'F'E:'.I, the nl\' and \' schellles an' clllp[nycil.
The following notation is llsed to fadlitalt' lI'I' d,.~cription of tltl' F:\!\' nnd V
schemes: the right-hand si!le I"cctor of the rpsidlla[ l'qllatiull, f, is r!'pn'~t'ntl'd by
f, since it is just another right-hlllld sil[e wetor: and the ,solntiu1I of tlll~ rt'Sillliul
l'{jllation, c, is expressed hy y, sincl' it is jllst n solution Vt'clnr. Witll llt,',s<' dIlLlLg''S,
the pure V-cycle SdWlllC is cxpn'sspd ill till' following l'olllpad form by UriAAs [II]:
This implies the fo[)owin~ al~orithm:
1, Iterate III timcs 011 Ahyh = fh with a ~i\'l'll initial ~H(,SS ;;h.
2, If 11h =coarsest grid, then go 10 a, Plsl',




TIll: ;llgllritlllll !;t"11S <Iown from the fin"~t grill to the eOllfs~t grid, and then works
iti'; way hack to thc finest grid. Fi~ur(' ';.2n !;liows tile selIC,lule for the grids in the
ordN ill \\'hir:ll they I1rc visited. The variahle being solved on each grid lew'} is
illdicatl'd ill Fil(. ·1.21\ by II for the actual e{illation varinble nnd e for the error. In
till' abm',! al).\orithm, I~~ and I~/, arc ).\rid transfer operntors which transfer data
rrolll finc t.o CfJar:;e, and course to fine grids, respectively.
Implied hy tlJis aJ).\orithm is that one would initially solre the g:iven problem
Ill] 1111' fine grill, then thc residual is c\'ahmteil and transferred to a coarse grid.
On the coarse J,\rid one would soh'c the residllall'<\uation for the error eon that
p;ri,1. {JUC wOIII,l th(,ll dett'rlllinl' the residual on this grid level and transfer it
to Ilw next eoap,;c llll'sli, lind again solve the residual equation. This descent is
l'ulltilll\l~1 until the eWlfscst grid level is reached, Then one asctnds to tile fine grid
l('v!'1 by mrrN.'ting the error at each grid lC\'el, providing n better approximation,
11ll'1l itl'rating and corrl"l.'ting: all the next finest grid level. This is repeated until
tlw Iim'sl grid le\'d is rcachcr\. Then one would iterate on this level with the new
,'otrc,'led initial 1'lIll1t:,
To take fuH lldvnntagc of the mpnhilitics of lIlultigrid, one \\'ould like to have
tile Ill'S! pQS.<;ihle illitiall-(ucss at the hcginning of the V-cycle. To do this one would
11M: lhl' F:\IV-eydc, as shown in Fig. -l.2b. In this algorithm one would actunlly
"tart Illl thl~ \'Oi\tSf'sl grid level, ohtain a solution, transfer this solution to the next
lilll'sl I-(rid 11'\'l'I, thell solve 35 in a V-cycle. but at the end of every V-cycle, one
Il1mll! illll'rpolille tilt, sollltiolJ to .111 initinl guess on the next finest grid level. This
is n',wlIlt'rl ullin the finest grid }c\'cl is reached.
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v' - F.\f\·'(v'.i')
1. If n" = COlu'!'oeSl !lritl. thell ~o to sl~J1 3. I'lse.
flll __ 1//' (fll - Ahv")
ij'li. __ 0
ij'Ht +- F:\IVl" (v2lt. flh).
') Cortect i lo +- i" + l~"Y-lh.
FiguTe -1.2h show:; the schl;!lLuling of I-;rills for DI\' with ".1 = I. Each \. -1'ydl' is
preceded hy it smaller V-cycle dl'Siglll'd to Jlrrl\";,lc llie lHOst illitialll;llI's-,; [lo/,o;ilJlt',
The variahle heing solved on each grid lewl i:o; illllicall~1 in Fig. -1.2a lI,v " fUT IIll'
actual equation V1\tiahle and e for lilt' error.
To provide the best l>0S6ihle Iwr,·J,'ratioll IIf a z;ulllliull willI lllllhi,;ritl Iisill~
these two algorithms one would first pI'rffllm aIL F:\IV·..ydc and 1I11'1l ,'ollti1l1W
"'jtb V-cycles. This is "'hnt is dOIl(' ill tli... nlwoTitlll1l ill this Iht.osis.
4.5 Multigrid Algorithm
In the C\'FE·~IG method prCSl.!llh·,1 ill this Ihl'l'iis, the scgn'llatl.'f1 S'!llItiuli alAlI-
rithm. which llils hcen discussed ill tIl" pr"\'illll~ dlllptl:r. is us,,1 ill tIl'! nml,'xt
compared with the TCliults obtnined I..v tIl!' (YrE:..! Prl·.sf:utt.'il ill till: pn'villus
chapter, when it is implemented em Oil" p;ritl.
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4.5.1 Solution Algorithm
TIJ(~ /;'wlfkil~llts if] 11l<~ tliS<:TI~ti1.t~/1 '-''luatirJllS rt'ptl'Sl:ntin~ the actual prohlem. and
1,11l' r,~~,drlllnl'~lllalifjtls llr'~ IIII.' SllllIe, i,,~, A. The only differences between the t\\'o
.~d.~ of ''11Ilati'J1Is lire tile rig/It 111111d sirles, :md tlte dependent variahles. Tllrre-
forr'. tlJl' ,;,Jt'ltieicl1ts ill hoth sets uf (,<[llations are evaluated lIsing the techniques
dpsI'riJlI'tI in Chapter 3. At ,:ltch II:wl ill the mlllti~rid algorithm. the segre~ated
solutiull pr/J(:,~dllre is uspr! to sui\'(' for II, ~'. fI, 01" the errors in IJ. u. p. i.e. e. eV , and
,.". The r"llowinl-\ i.~ II IJfief tll'scription or tile steps followetl in tlle F:\l\'· V-cycle
nlgflrithm USfOfl in this tlll'sis.
The F)'IV-V-cyclc al~oritlllll starts from the coarsest ~rid le\'el. allli on this
1'~\l1'1. till' ;I("tllal dl'pl't1/lent \·'Iriahles (11. t', p) nrc evaluated with an initial guess,
~Sh, (rd<'r to Fil-\. ·1.2h). The newly ohtainell II, v, p-field is interpolated into
thl' Iwxt lill\',~llevd, lllh. :-.Jcw w,II1('s of II, t', ]J on n'lh are evaluated using the
ilJlNpoliltt'd vallit'S "I" au initial W1\'SS. Then the residual of the dCjlendent vari-
ahb;. {I\ i~ I'lIlculate/1 and injected iuto the coarsest level. IlSh • where the residuul
"!illations (..lCSh = r'h) arc solved to olltain the error, cU , eV. and eP of the actual
,h'p.'lull'nt variables. with an initial gUl'SS of zero. Tile error is then interpolated
into thl' Iwxt finest Il'vel, nIh. all/IUSI'd to correct the actual dependent \"<1tiables
tlll'I'I' (i lh .... v", +e1h ). With this IJctter wlutioll as an initial guess, the actual
<ll'lll'luknt mriahl1'H, II, I' and pIlre evaluated IUld interpolated into Ihe next finest
Il'wi. n~h. :-.Jcw valnes of II, I'. /1 011 02h ure e\'lII11"te(1 using the interpolate<l val-
UI~ iI." an initial I1;Ul'85, Thl'll. tile resillual at le\'e! 0:2h is calculated and injected
'0 [I'\'I'[ nIh. On kwl n·lh, residual ('fjuations are solve<l with an initial guess of
"/.I'ro 10 uhtaiu \'trOts of the dcpell(lcnt variahles, CU, eV , and eP , The residual of
Ilh'St' I'trots is injl'\'lcd to IC\'ell18h , where the residual equations are solvecl for
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thc "crrors" of the errors of the :\f'tllIl1 ,1"]l"lllknt \'arillhl,,,, Wilh:lll initial !!:u,'~~ ,)f
zero. These "errors" are interpolated tIl 1t'\'l'II!I~. nllllll~,',lt" "'lnt,,'t till' ,'rr,'r~
of the depeUllent \'ariahles. and tht' .."rr,·ct,..-I va1ll<''; ~Ih aI',' 1l.~, ... I1l'; n lwll"l' illil;al
~uess to solve the residual"'qu:\tious at I,'wllll~, TIH'II till' nt'\\'I~' uhta;ll1'<! .:>'h is
interpolated to len·1 n'!h. aud 'ls,>,1 to l'orn'd the Hl,tual,h'llt'ud,'nt \'Hriah!t,s II. r,
Jl on le\'c\ 112h , The corrected ,lejleud..'nt \'ariahl"s '\fl' IIS''''\ as:l mudl hl'lkr initial
~\less to soh'c the actual llcpl'udellt \'Hriahh' ("(1111\1;011'; tin that 11'\'P1 (n~h\, alld tl".
newly ohtained valuc. \i1h , is interplllalt'd ttl th,' tilll'~t I,'wlll", 11'11,,1''' it i~ 1I~,'d
as an initial guess to cvalllatc /1, /' awl]l 011 Ih,' lilH'sl m,'SII. :\t this !loin!' "11t'
ohtnills the actual depcndent variahlc lipids till Ih,' dl'~in',l tilll' p;rid 1,.\,,.1. An,·1'
that. a few V-cycles can he Ilsed as may hl' f{'qllir...,1. It shuulll hl' Il"lt'd lhat.,
at each grilllevcl, the scgrcgnte<;\ solutioll alp;oritlllll d"~t·riI11 ... 1 ill s""tioll :1.7,1 is
used to solvc for /I. v, jJ nTlll the ..rrors in these \'ariahll's, This r"'l1lin's nu'IIi"i,'ut
evaluations. as described ill Chapter 3 at each grid 1,,\',,1.
4.5.2 Intergrid Transfer
As mentioned above. lhe F~I\"\'-('ycll? al~orilhll1 n"-[I1in's Ilata tmllsf,'r 1)('1\\'1"'11
coarse and fine ~rids. Trallsferring vectors frum it ClI;\l'1W ~rirl to a till!' grid is caH,·t!
prolongation or interpolation, ~[~I1lY inll'rpolatiulIlIldhods ";11l IH' 1I.~,'d, lu,w,'wr.
for most Illultigrid purposl'S, tbe sil1lp1l'st lilllmr illtl'rpolatilJlI is quit" ,,!ff'div"!1 1].
Tllerefore, a linear illterpolation is uscd in this tilesis
The linear interpolation operator is ,lellot"',1 tlY l~h' It takl'S "'mrs,: gri,1 \"~·t,,,r ...
and prOiluces fine grid vectors nccording to tile rule vh = l~hV~h, wh"n~, rlJr t.wo-
llimcnsional prohlems. the components of vh are J;iwm w, rol1ows:
,jl
I:~':.!J = ,.~~
"·~'~I.~I ~ (,,~~ + l';~l'J)
"~"~Itl = ~ (t'~~ + r~~~I)
• - 1 ( .,~ 2~ .,~ "It)I'.!,~UJ+I =" ::J ",-.) + /·,tl.) + vi,Jtl + ",'+1.,/+1 (U)
TIl<' sul.sniprs 01\ !h~' right It<'-lld sides of Eq. -I.S refer to the numhering" scheme
'III Ihr- WilTse mesh. TIl(' set'oull da~ ofintcrgrid tr<lllsfvf fllllCtiollSil1vol"l~ moving
\·'~:lnr.~ frolll IL lin.; ~ri,l to a ,'onr:;e grid, which is ('nlbl restrictiun or injettion.
f.ik,' illl.,'rpolali,m llll'thuds. llWIJY rt'striction IIIctllods elm he used in the lllultigrid
Illg11rilhtlJs. III tIl(' proposed C\TE~J.;) full wci~lJting injection operator (Ill. which
is d"IHll,~l h,\' [~h. i.~ IIsed. Its [unction call he defined hy v'll> = flit \ill, where.
Tlll~ sIlIJs,~ripl 011 tlw Il'fl 111lt\1] sid!' or Eq. -1.9 refers to the numbering scheme on
4.5.3 Some Details about the Programs
:b l!isC\lssl'll in :>L>t:tion ,Ld. :It til<' ('mi of the F:\lV and the beginllill~ of every
\"o('.wl,', Ihe lall':;t netnal dellelldl'!}1 \'ariahk'S u. L' nnd 11 "r€ obtained. To tuke
l"lIll ;llh'allla~,' of !hili H[I to ,Inti' solllliull, the coefficients of the momentum and
l'ontillnil,v "'Illatiolls arc c\'aluHtecl1\:<ill!; IIII'S(, newly ohtaincd \'ahlcs to calculate
!hl' rt'l>idurll. This lll\'thod has lwCll prUWl! to he very effective in increasing the
l'llid(,llr,\" lIf tiLl' proposed C\"FE-;"IG,
.-\lthOlI~h llllder-rrlax~ltjolJ p:lf;l111l't"J':;, II" :11111 lit" hal',· 1""'11 11:-",] f"r 111"111"11-
tllm equations, the r"snlts 11H1~' oscillat .. or "1"'11 ,Ii\""r!!;,' \\'1"'11 11 \"(,f~' ""ar~t' ~ri,\
is used, In this case, performing a fplI" ill'ratillll~ uf lh,' ~Olllliull ;,]gorithlll ,It tilt'
end of l'\'ery \'-cyele, before cllktllatin~mlOl illj~'('lill!t l"losi1luals III tht, l'I1aTht'r gri,I,
lI"as foulld to he an clf('ctin' l1\l,'ans uf promoting rOll\','rg"IlI'I', Thb Ir,'alll\l'u! Wi1~
more etficil'llt thallllsinl{ too much lllJd,'r-n'laxalilln or iUl'n'asiug lIlt' l"wl of IIll'
coarsest grid, <IS both le(1 to slower ,'on\'erg-"lIc,' for tIll' propos,',l ('\'pE-?,,rG,
III e\'ery V·cycle, the actual depeJl(I,~nt \':uillhles, II, Ii :11111 J! HW "Ilk ,,\'alnat",1
at the finest grid ]el'p!. At other lewis, u, Ii anti p, which an' Iw,',ktl I" ..nlt'lIlal,'
the coefficients of mOllltmtulllllnd cotltill\lit~, l'l:lllariotls, arl' ilLj"rl\'d fn'llI tIll' lill"S!
grit!, The "mASS conserving" \'e1ocitit'li arc illjl'('tl'd in tlt(, snuH' IWHIlIl'r, This
injCl:ting scheme is more stahle tlllln injectinjl; till' "l1lns:o> cnlls"rvil1g" \'.. lot'ili,'s
from e\'ery next finest Itrid allli interpolating th"111 frolllP\'t'1"y twXI l'oal"S,'sll-\rid,
It is ohviolls tlmt two sets of llolludar,v n!ll,litinll:O> ;\r" 11",',hl ill lh,' F~IV-V­
cycle algoritlllll, One is for the actual d()P('lHlcut \'arinhk<;, II, IP alld /', ,l'1lidl Ita,,;
been discussed in the prc\"io\l.'; chaptcr, the other is for tb ... rl'si,lllal "qIlHli"IIS, If II
speeified value l)olll1(!ary is I1scd, the f'frors of the IIctl11l1,lep,'nrlcnt \"arial,h',,; al tIll'
hOllndary are zero, therefore, it is alsn a s[ll'c:iticd \'alll'" h'lllndnry r"r ,'rroTs, For
specified flux and outllow llOlllHlari('S, tlw ('rrors Oll the hOllI11Iari,~s ar,' lIukll"Wll,
therefore, when injecting: resi(liluis from filH' to ('U;\TSl! /-l"rid,,;, rl'Sidlt:d illj"di"Jls
hoth inside and along the 11011lj(larit~sare nc(:d(~d.
,'j3
4.6 Conclusion
lIJi.~ r:ltaJllCr hm; pr"s'~llt,~1 11 hri"r n'\'i,:w of IIJ(~ ';lJocepls of lllulti!-\rid. IIml details
t,f lhr~ ilJJpr.:llll·ntatiolJ of L\l\'· ;1lI,1 \""yde llIulti,llTid all-;orithms ill the oonlext
!If tlU' sl·.L:n'~al,~,1 CVFE~1 !I,n"" lll'ell <Iis<:us,';I.'11. III the fol1owin/-!; chapter. the
"lfif'jt'm'y of this CVFE-?\IG will hI: cornpllrl~1 with that of tbe C\"FDI appliell to
"III' l-;l'id, whell hnth llll'thods arc IIse,1 to :>ol\'c two test problems.
')·1

Figlll'l' ·1.2: Sdll~llll,· Ilf.llTill:-: lilT lal \".,·.wle mill (II) F:\J\" Sl'helllC Ill).
Chapter 5
Testing of the Proposed CVFEM
5.1 Introduction
The two-lHmcllsiollal C'\'FDI prl'Sl'lll<'d ill Chap("f J :Illt] Ill!' 1Il1litigrioi soll1tiull
algorithm propos(~l in Chapt~'r 4 hill'!' h"I'1i Sllhj"I'II"[ 10 inlo'usj\", 100slillg; all'\
1'\':lluation, The rtO:;lllts of tll'O Il'sl ptllblt·tIls ;\H' prt~'lIlt'd ilnlillis"ll~'wd ill this
c!lapler. Thrsc IClil pw],],'lltsntt·: (I) sl,-a,ly. lallllnarn'I'irl'ulllti'>11 "fnl1 innllll-
pl'I'ssihlc :\('\\"101111\11 lluid I'Olllni!\l"! in a s'lumc '-lwlosllT<: wilh it slitHII!!: lid (i.l'
sljllare driwll cavil,v): Hlld (2) ll1miJtilrtlow lJ\w:t n'nrll'ard r;l(·illg.~t,·p...\11 "'llIlJlIl'
Iii lions Ill'fl' pt'rfoTllII~1 011 till' DEC .!IlnOjGlrlr·"tll]HII,·r ;11 tll" C"III'>t f"rC'''lljllll''r
Aided Engincering Hf :-'(~'lIl"rial Cllil'l'rsity or ~,·\\'lilllllO!lall\l.
The rt'lIlllindcT of this dmplcr is Ilivilll,,1 illto tIm.: s",·fi'ms. III Sl'I" i'lIl ;).:1,
the squan~ drivclIl'Il\'it,v ti,;1 prohl"lIl i~ pn'S('ntl'd, ill si','tioll ,j ..}, tIll' w:ll'w;1fI1
TIl{' proposed C\"FE-:\!G t('s\lll~ m,' I'olllpan'd wilh IlIlIJll'ri"l,1 dala nvail;d,l,' ill
tlw Iiteratuw, illld, ill particlilar, tlll,,.jli,'i"lll'.\·,,f tIll' C\'FE-:dG is "'uupan'd witli
tlml of tIl!' C\"FE~[ dcsnil"",l ill CIHll't"r a Wll"ll if is illljJ],'lJlf'nl.,'d 'III "ill' I;rid
ICI'FE-OGI·
,j,
5.2 Square Driven Cavity
5.2.1 Problem Statement
In tlli!'> prul.l'·III. Il,t' sl,·a.ly. ' ..·..·.lim'·lisioll:ll.I:lIniulu wrircUl1\lioli of nn illwnl-
Ij"lI ..r IIII' lIui.1 is ,lri\~'n 11)' 1\ :-Jicliu~ litl. .\ sdll'lunli<' ..£ Ihis prohl<>1I\ is I-tivrll
ill Fi~..,.1:1. c\ S<111:11" "IW]"SIII>' of si,lt· L hns ils 10\\\'1 ldt eorul'! locnl<-~l ;.jt the
..ril:iu "r tIll' Carl,~iml "fI·,mJirmll' s.I'SI"lIl. :\11 walls lin' fixed. except for the lid.
whit-It IllOWS ill till! pusiliv,' r·/lircctiull witli 1\ ronstllul wlocity l'~,.
TIl<' "'(lIlllirl/l." \\"hkh I-\"UWrtl tllis flllil] f10\\' problem nrc tIL~' ,r. nut! !I-lllQmentUIlI.
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The sill~lllarilics:lt lhe ('orners of Ill" lid an' hatldl,~1 hI' sl'nill"; 1l1l' \"I'1''''iIY lu
This prohlem is'lfll'lllls('d in tIll' IPstinj.( l)fll11II11'ri,'alll1l'lluHIs 1"'1" n'\'it"lIlalilljl,
flows (IS, 31. 3!}I, Ghia "t "I. [lGllls,',1 n sln',l11l f1111l'Iioll-\"llrtil'il.\'!illii<'·,lilli·n'lu'"
foJrllllllation :lIId a lllllltigritl Illl'lh,,,1 witll 11 I:.!~) x 12!J tl",!l' I-\rid til ",,1\'1' tllis
]Irohlt'lIL They puhlisl11'd l'I'llwity pr(lliJ,o,~ al"ujl, tit" ,1011Willl'''Ulo'r1ilH'S, an,! sl !"l'am
function mltws for Ill\.' di/f('rellt \'orti(','s ,'oul:I\IU,d witltill 11ll' "Iwil\". rur 1I1'.\"lIollls
IlUtlIlwfS rmlgillg from 1110 tn lO.llIlO.
5,2.2 Numerical Details
ror this problelll, 1\ lIniform lilli.' i-\rid "f:J3 x 3:J Wl\,~ mwd III ,lis('n'ti~.1' lit,' "HI·
('lIlatiol1 domain, F'i\"(~ uniform ~I"id \"\'1'11" \I"'f!' IIS,'1! ill I!L,' 1I1111tigrid aIWlril,ltlll;
tIl(' lillest mesh \\..1S 33 x 33 lIud ";wl! I-\rid h''"''l dOllbl"d tlu~ JJWSII siz,' tllllil I,lli'
('oafS('S\ ml'sh (3 x 3) was n'IKIll"I, .\11 !.\rills lIM~1 IIll' IliilgOllllll'llllli~llr"tilJlI slll,wn
presl'lltl,.~1 in litis tliSCllssiotl. rot' Illl' ~rid,.. 1I~'d, and :'1 thl'S'~ 1l'~.vrl(Jlds tlllllll"'rs,
!iOlutioll alf,lorilhm lit the elill of l·\·Pt.\" \ '."\.,.[,, fOf fl"., = IOl) awl fl,',,, = ,100.
,j~J
11,'r;diIJtts ill til" TD;"IA sllh"~r w"r" hall"'! wlum 111" ratiu lJl'tW('l'll till' <:ltrrellt
r.'sjr!llallllld tilt: illili1l1 n'sidIlH!. at IIJl' 1'''!Jlm''IWl:Il11'1l1 (Jfiteratiolls. was less thall
11.,) fl,r Ib,: lIlIJllll'lltllllll:'llllllinlls, HUll 0" for tit" 1'f)lll illtlity 1"lllntiollS, TIle "\"prall
il"r;\lil'US ill till' sl'v;r"gate,llllulliv;rill solillion algorithm Wl'rc t('rlllillat~1 when
1111' llIaXiUJ111l1 I'Hor in II, /1 awl p, ill 11", whule calculation domain, was ll.'ss thalt
10-:' . III'TI!. til<' IJIIIXillllllJl .'rror is Ih,' maxillllllll illNJIlltc I'alll!"! of lhe diJfrrencc
1",lw".'U tit" "IITTl'UI. ,~ollltj(lll Hlld till-' "rolln-rANl'" ,,;olutions. which wrre ohtained
I..v 1"llltiUllill/-l itl'T1ltiOlllllltil till' rhallAe ill any II, t' vr 11 illtllccalculationdomain.
ImLwl"'u slll·I·I'>;.~iVt' iteratiOllS, was 1(':;5 thall 10-;'.
TIl<' iuitilll l;o1lllitiDlls fur this prohlt'lll \\"'~re trpat"d as fol1ows: wlociti,'S at I he
lllllllulari,-s WPI"l' Sl·t "qual to tll(' l'xad '·allle:;. Ilwl w:locitics inside the .lomain
11"'r<' ,'il'l. "'Iual to Z"r<J. Pn-ssur" was sl'f l'qual 10 l.efO everywhere in the domain.
5,2.3 Results
/I'. ami 1"· velocity Profiles
PInts of I/'-\·.'locit~· alonA l!Ll' n~rli"111 "l'nll'rlilll' nud l"'\'l'!odt,\' nlollA the !Iori?;oll-
tal ""ut<'rliw' "f tIll' ,'a\'it,v for R".\'tlOlds llumh,'rs nf 100 are given in Figs, 5.2a
;mol '-,.:.!k r"!'<]J'~'lil·,'I.\·. Similar plols for RC~'nCllds ll".nnber of -100 arc presented
ill Fil-; . .J,:J, As ,'ml Ill' ,'i{'t'n from Fi/{, 5,2. al Rr", = 1lI0, tlle fl-sllltS aTe in good
,lv;r<'<'tlWllt with tlw Il\lllll'ri,'al [{'snIts uf Ghia el a1. jiG]. At R"w = ·100, Fig, 5.3,
!tllll·"\·"f. Ihl' two llll'thods llf(wi<le "iffl'n'nt results: the prop~(1 C\'FE-~!G t10l.'S
tllll ntptnTl' Illl' IlIHXiu1l11ll \',l],ll':' uf Illese wlvcitil'S. III Ille CYFE;"! used ill this
Ih,'sis. ,'(111\"O'l,tiull {,'rIll'\ arc int"T]Jnlat,'d llsinlt an upwindinlt fUllctioll, aud <lif-
rll.~i"l1 !<'rms an' illt,'rpolnl"d JilJeurly, for all gri.l 11(',\"1101118 IlIllllbcrs, Therefore,
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at hi~her flr,vnolds ll\llllher~, Wlll'ft' ""ll\·,'.-riUIl ,I"miuah':<. tIll' illllu"lll'" "I' lh,'
diffll~ion It'fm will hl' o\"l'n'.~!iJl)al,'d :md 1"1111 In l"l,dIW,' IIn',li,,"'d maxima, 'I'lli'
IIIIWimlillJ' ,<;('h('l1\e i~ ;llso tirsl-lInll'r :nynrall' itlld willllllt "aplur,' lllilximil a:< \\""1\
m; the tit'l'ou,l-on!erschl'lIw!lsl',1 ill Cilia "1 ;11. [llil..\1:-<t,.1l11' u!'willd :<dll'lIll'
\IS1...1 ,lOt,s 1I0t lake illlo accollnt 1Itt' ,Iin'cl iOllillil,\' of Ill" lh,w \·,'r.1" 11·,,11, an,1 Ihis
call Icad to ffllst:' lliffusioll, "T sll1earill~ of I [It' S"lll{ iOll. Thi:< "'f'~'1 WI'nl,1 !", lllllft'
ohvious at hi,.;-her Ih'.l'tlolds Ilumhers. Finally. tIlt' /..:rid IlSl'<! Ill'n' is :1;\ x :\:\. whit-h
is lUnch courser lhnn Ihe ~rid lIst·d ill [iG] whidl i:< 1~~) x 1:!!l.
Streandilles
Piolsof strl'ilmlillcsgl'neralcd hy lite [lroposl.... l ('\·FE·~IG 111,'lh()(! ;11'" [m':;"III.",1 in
Fi~s. 5.4a 1\1111 bAh [or RCYllohls Illllll[ll~rl'l nf Wllalld ·UlII. 1"1':<1" ... ·lil·d.v. TIU" 1,1t'1 fur
nl'", = lOO, Fig. ,i·[n, illUslrates Ihat lh,' '..:1't1lo·r III" till' \'"rrpx is displw·,'d tow:,r,[s
tIll' lI[Jjlcr [ight ('orner. due to the l[olllinatiol) of \"i.~""IIS fort·,os 1\1 thi,~ B,'.vll"[,[s
llllltlher, At Rp". = ,WO. Fig. i).·Il!. lu,\I·I'\·Pr. illt'rti" [lin',,:; lll't'fIlil" dOllliliallt, alll!
the \'ortex rcnter a[l]lroaclll~~ tl1l' nmlrnl rl.'J,!;itlll of till' !'lll'loslln'. [1,,111 s1.n''lIIlIi!II·
plOlS show the charat'teri!Otk se,:olldary rccin:ul;llinn lones al t[lt' 1",ll'UII ,"ll"Ill'[S
of the enclosure.
Execution Time
Plols of the maximulll crroll> ill 11'.1", ll11d II' for tile (,'\"FJ.:.:-.\IG Hlld C;VFE-O(;
awl i),iJc. u'SpcclivcJy...\!> ,:all Ill' SCl'1l rrom I[lt.':;" liJ.;lll'l's. sollltilJll,~ ':"/Ivr:rl!,f~ IUIIl'!t
faster usin~ llluitipid lhan Olle lJ;ri,l. For nl1lw~llif:IW'~ flf ':"lllll;,ri~lll, M'llli-[,.J.!; ]111lts
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of Fig. ,j ..') am ~ivr'lI ill Fig. .'j.G. For this sqllaf!~ dri\'clt cavit,Y problem. the solutions
n·!!,.)l all ;1I,:cptlllJh~le"cl of r:fJlI\'('rJ.:l'IWr~ when t111~ nll1XiIllllm ('nor is less than 1D·2.
By I,ltis l:ritt·riflfJ. tlw CVFE-\IG n'flilircs 8.(ilb 'Iud lite CYFE-OG requires 64.32s
/Ircru titltl~. wltidt lllilkes tltl: multi~rid ntl,tlJod /A31imcs faster. sre Tahle ,il.
Plnt.s nfrl~sillltnisVI'rSllS l'XI'C\itiOll lim!.! for Rp. ..... = 100 are presented ill Fig. 5.7:
ligtlH'S ;::'.ia nud 5.7b show thl~ a"l'ra~e f1'!sidunl of £' Ilml y- Illomentutlll'quations,
t,'sjIf'diwly, nnd Fil;. ::'./1: shows the average residual of the continuity equation.
Frulll Figs. ;j.'in and i)./h, it is uhvious that the residuals for hoth .E. and .fI- mo-
ltH'lllltJ11 l'l[lIatiOlts dccrcl~~L'S more l[uickly usint-l multigrid thllll one grill. For the
l'!'Sidtlal of wlltilluily l'qllati"n ill rill. 5.7e. !tnwevef, there is not much difference
h,'tll'l'''11 IIltiltis.;Tirl ;tlld ow' grid trwlhods. This is expected, :lS for Illis square
lltiVl'1l ('(wil}' prolllt,tll. !If('.'iSUfC gtlldients IIfC "cry Slllall excepl around the \l))per
Ht lind right corneN of the cavity, thus the capabilities of llllllti!;rillmethod are
Itot fllily rleIl\Ollslrntl,r! in the solution of the t'Ontinuity equation.
Ph,ls of [hl' lllllXiltl\lll\ errors (If 1/'. v'. l\\Id p' VCfSUS execution time are pre'
s"JtI,~1 irt Figs. 5.811, 5.Sh Hud 5.Se, fl'sIH.'ctiwly. and semi·log plots of Fig. 5.8 nrc
gin'lt ill Fill. i;.!J for Rp", =·100. Plo1sof anrnge residuals of ,l'. y- momentum and
.."ntil\uity equatiulls arc prl~elltcd ill Figs. ii.IOa. 5.1Dh and ii.lOe. respectively. It
('an h,' ~'I'U from theS\.' figufl'S, tllailltl' CVFE-:--IG again provides accelerated con-
""fgt'lll'e, ItOWl'W'f. the llwgnitudc Dr till' increase ill convergence rute is reduced.
ll.'" till' snllle COIlIWW'IlCC t'fit<'rion ;l.~ r"r Rr", "" 100, the tnultigrid metllOd is 3.80
tim,'s mun' ('lJidt'lll than the cOrfl'spnnding Olle grid methot!' requiring 17.90s as
'IPIl"sl'(lln(iS.U3s,Sl:c Tahll'5.1.
,\s sh"wn in TalJIl' 5.!. the C\"FE-:\IG rloc.e; not produce as large 11 reduclion
itll'Xt'('lltiolt tim!' HI Rt'". =·[UO ns III Re", = 100. As R.eynolds number incf('(UiCS
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the diS4:retizl't\ t'qulItiolls ht't'Il111C ",lr"l\~t.v lI"n·lillt'ar. nud ., "Illa..",-" ,'"n~"r\'il\~"
\"l'lority fie]'1 will hill'(' a ",i~nificallt I'lrt",t "11 tIJt' '·lll'lIki"llls. It i" spt'rulal,'tl
all Mea for further rt'Scarch. (lne p,~~ibll.' IIIl'nll" or il1l[1T(l\'in~ tltis I'llft ..I' III<'
.\lgorithrn would l,e to prm'idc l'ont.illl1u\ls {'orrt~'tinll "f th" II, ,',/1'" ,I'll inn (Ill till'
fine mesh, throul-!;hollllbc \'-".\'e!,'. This wonld pnl\'i,\t, more lip 1" ,];,11' lil'\ds III
be uwl in the cocfficil'lltl; at ,Ill j.';ri,llcl"l'ls.
5.3 Rearward Facing Step
5.3.1 Problem Statement
III this prolJ1cm. the sleady. [wo~dilllcllsinlla1.lalllill"rillt'('1l1prt-s."illl.. ,'lI'Wt.'llli"ll
Iluid flow o\"er ,,\ rellrWlm\ rnciul-\ step ist'O!lsid,'rt'tl. The,lo!llilili is r.·,·tnngillar ;lllll
extends 3H in the l-tlirectiollllnd is H hi~h, The IIII' haii or llll~ Idt hlllllldary
is nn inflow houndnr~', with 1\ spf:<:ifit~l inlet \'d,J<:ity of v;". TIll' top hUllIldllf}'
is n s~'mmetry pi nne, aud tile righl houlldary is an ('\Ltllu,," IHJIlllrlnr,Y. TIll' l"y,w
halfor the left boundary, <lud the holtom ~llrfllcc of IIII' dOllillin an' 1I1l1low, I'"
slip boundaries. The groll\clry and \"t'locity Vl'ctors for thi~ prllhl"1ll 1m showli ill
Fig, j.lla. The inlct velocity, vi". is ulliform.
The equalions which l!;O\'crn this !,rohlelll nrc tll'~ "', !J-111I1IIWlltllllI :ulll "ullli·





!J = i{ It' =~;
fI' = ('~~; nl' = fl;~l1
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thf~ ~f)w:rnill~f~qllali!)ns call he \uittf'lI ill tiJ,· forms ~i\·r.1l lly Eqs. 5.2, 5.3 ~nd 5.4.
willi tl,c IJrf(lff,Jary cf'Jldit,iotrs:
. {I (J,.j < It' < I. r' =0:
II = [J US !i~u.;), ,'=0: ;jillion tllchottomlloundarr:
DIl' O,l'D;;: = a;;: = II y'= 1
Dff' Dv'& = 0;= = 0 £' = 3
v' = 0 tJlIlhc ldillud hottolll houlldaril's:
1" = 0 at the middle point of the right boundary.
(5.7)
Thi.~ IIrohll'llI i~ lIsl~llo test the capilhilith's or the C\ FE~:\IG to solV(' problems
ill\111vill).{ iliflolV, olltllolV allli ~ynlImlry ),olllldllry cOllditiollS, ill the presence of
II rl'('il'cu1;llil\~ flow. The only free plltametl'r in this prohlem is the Reynolds
IIUIIIIII'T.
5,3,2 Numerical Details
Fill' this prllhh'lll. a Ililiformlilic grill urn x 33 was llsed to ,li~cretize thedomaill.
rive Illliforlllj;rid 11,\'('15 •.. ere IIsc,l ill till' C\TE-:\IG, wilh tile coarsest mesh COII-
:>i.~ljIlK of 3 x 3 1l00Il'S, nlHIl'llch grid rdin':l\1cnt douhled the numher of nodes
lIlltii 'he tilll,:;t llH'llh,33 x 33 Itod(,:". lI"i\.~ f('llc!led, Allmeshl'S llsed the diagonol
l:tllllij;llration liS shown in Fill, ,j.l h. 1l('~1l11.,; ]lrorlucl~l for a Re~'nolds nUlnber of
IUU :!Tl' pn'Sl'nlt,d hl'rf'. Fur the grids 11:>"'1. /lud at lhis Re~'nolds numher, the
~)plilllIl1l1 \"111111'5 of IIII' Undl'Helnxatilltl paraml'ters, (t. and (t., were 0.3, for the
('\"£0'1::-:\ I G lIlUI 0..1 rot the C\'FE-OG. Th,' llllllit efficienl CVFE·~[G implementn.
ti(llll'lIIplo~'l'cl 3 itl'mlitlllS orille s('l-\rl'll~tl',1 ,;olnlion ailloritlull at the end of ever~'
\'·r\Tll'. Tht, sl()ppill~ nill'rin in till' TD:\IA !;Olver, nlld overall com'erllence cri-
1j·1
I~ria were the same as those 11St,1 ill tilt' 5llUarl'" tlri\l'lI \';Wily Ilf"hl''1n. :<\". ~"liUlI
5.2.2,
Tll~inirial coo.litiolls .....el'"t' Mfolluw:<: Wltll'iti,'!ial IIll'HI alulhull'lI11 h.>lII\,I·
equnllo zero. Pressure .'1\.'1 SCI t'qllal III Ii'[\) "\',·rYI\·h,'rl'.
5.3.3 Results
Velocity Vectors
Plots of \'elocity vectors ~cllernll,1 !.,.\" the [lropo.'Il.,1 C:\TE·~lC an' pn'~"llh,J ill
Fig. 5,Ila for neyno!,!slllllllbcro( 100. Th(; arrow,~ ill lilt) 1ij;1l1't' illu:<lral,'lll,lh tilt'
llirectiolland rch\tive lllagllitutleortilc wlndl,Y w"lor illl'a.'h ll(ull', Til" "X'[1."I".1
'cciTculation zone is fiholl'lI at till' h••ttom left t'(Jlllt.'f, Au ,'ull,r*,ll,i"lilft' uflI1"
recirculation zone is presented ill Fig. 5.1111.
Execution Time
Plots oflhe maximum ttrors in .'. ,,' autl p' hcll\1...·u th.. Slllllt;flIL~ "lll"inl,ll>y
the proposed CVF'E-:\IGnnd C\'FE-OGaIJd theirn'SIH..·tiw "':'lIlwr.a:,.. I·· slIlulillllS
\'ersusexecution time for He:: 100 arc !Jrcscnt('(l ill FiW~' :>.12a, ,"J.l211 ;lIId [J.l2,·,
respetlhdy. II can he5Ct:1I thai similar ll'!!,,!ls r.o the squaw ,Iriwll r:tvily pfllltl"ul
were oblained, demonSlrlltinl-\ that tllc proposed CVFE·~IG is IIIllrC,'t!ici,!ul Illall
the C\'F'E·OG for this outflow [lwhlclII, for the \;oIl\'I:llit.'IICC of l:ulIljlaristJll, SI'llli-
log plolllO( Fig-. 5.12 nrc g-iVCll iu FiJ.;. 5.13. For this n:llrw:lfll (lIdll~ .~I('I) Illulll"ltl,
the solulions reach allllcccptnhic levld of Cfmveq.;m.';l: whell tlll~ Ill/lXimUIII Ntnr ill
u'. v' andp· islcss than 1O-'l. Oy this crit':rinll. tltc(;VFE·~IG fl:(llliff's 'J,I.!I4SlIlId
IJI" (:\'FI-:,( Ie: r"'I'lip's I J!J.~JIJ~ ,,r CPl' Iill";, whidl makes Ill(' 1lIIIIti).;'ri<1 met ho<I
:.!.I,'i lillJ'~ r:lsl,'r, as shlJwlI iTt Tal,JI' ,;.2. Ph,ls uf :\\"'fal-!;c wsi<l\tals or the .r- and
1't',·St·nt,'d iu Fil-;s. ,j.J.j;L ,j,J·11. il/HJ .iJ,k, r,·.sp'·<'lin·l.y.
TIH' wldl i~rid /11,'1 It'" I \\';IS "f!'l... ,tiW' ill an:dcratitlll; tile solutiouto this prohlem,
I"'\\""\"'r, II,,· <mtll,,\\' ;ltul S\"tllilletry IHlUltililrV "(I1l,litions han' made it lesseffecth'c
Iball ill IIto' s'llIan' ,!riv"ul'avily probll'tll. TIll~ C\'FE,\IG W1lS also npplicll to
1\\·",dilll"lI.,i"nall'"is-:uilh'ilud ('''lll'lt'· tlnw probl"llls and it WilS a!!:aill fOllnd to
I,,· I\I'k,' itS fasl It.'; tll(~ C\'FE,(lG for IlJe,~c simph.. r llow prohl('ms,
5.4 Summilry
Tit.. l\\"OJ I'rul,!"tIls pn'sl'l\t"d ill this chapter hal"f~ delllollstmlt~d that tIle proposed
('\TI-:-\I(; ,·:tn g-<,III'r:d" s"lltli"II,' thaI enrree!I.I· predict the pilYSie1l1 bdmviour of
1:llllinal" lI"II",S, all,llhat till' <'xl'cutiun time ufC\'FE-\!G is sij.\nil'icalttly less than
Ihitt "f Ihl' ('\"FE-OG Illl'lhud. YariatiollS in till' hl'!lal"ionr of tlll.' C\"FE-\IG witll
Hp\'II,,!tls 11111111)1'r an' to ill' 111\·<'sti).;'lItl',1 in further resl'arcll.
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Figure 5.1: Squure dri\'l~ll cuvity: (a) prlJhl('Jll.~dLcIJHltic;and (IJ) uniform Ii x II










Fi).:lnt· :J.:.!: Sqllilfl' tlriwll (';lvity: '·\'ludt.'· pro!ilcs fol' Rp", = 100: (n) It'·velocity
at 1110' wrtit-al ""llh'rlilll' of tIl(' "Hvit.\': (11) /".\"l'!ol'ity at the Ilorizontni centerline











Figure Ct.3: S<!uurc driven l'il\,ity: I'rntill's for R,-", = ,IOU: (11) 1I'.v,·lr,,·ity
lit tIle vertical centerline of tlw em"itl"; ""\-"!w"jlyat till' liorl1."lIlali""II1<'rlill"




Fi~llft' ,jA: Squnrl' driwll cavily: Streamline plots ohtllillct[ with tlle proposed
CYFE-~lG r"t": (n) Rf'w = LOO alld (Il) Rr",::: -tOO.
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Fil-:llft' ,j.G: Stjuan' tlriWll (·;wit.v: Sl'llli-lug plots of the maximum errors against
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Fi!-\lll"t' ,j.S: Squolrt· llrin'll ";lI'it.\'; P!l'l:- "f tlu- Illllximum errors agaillst executiOIl
I ill1\' ftlr Rco_= .l(HI: (al u'.wlndt.'·; II.) "o_n·],wit.\' nul! (c) p t"Ssurc p',
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Fi/;llfC 5.9: Square drivcIJ cavity: Sl'lJIi-llll-!; plots fir IIII' lJHtxillllllH "HOTS Hl.!il\ill.~t
execution time for Re,~ =400: (n) !I'.Vdf,dlY: (h) rl"-vdoc'jty !llld (I:) prl'SSIlf<'/I'
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Figure 5,11: Rcannml facing ~lel': (Ill Pl'IllJICi 1 sdl'~lllatic aml \,p]cwit.y v""l'm; f"r
fie = lOO: {h) cnlarl-\cd portion flf th.. n·l'irl"1I1aliull7,lHll' fDr nf' = lOll.
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Fi~lI1"I' ::i. I'2: lh'arward f;ldl1~ stl'Jl: Plots of the mll:'>inllllll crrors a/-laim;1 execution
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Fip;UfC 5.13: R"arward facilLl\" step: S'·llli-Illj.\ plnl!'; flf III" IIHlXillllll1l "n"rs :1~ailJ~r.
Cxcl'ution time for n"," = 100: (a) U'-\-,·I",-jl.V: Ill) "'-\'f·l"dty aud It'J Im~'illll·I'·.








Fi~llrc 5.14: Rcarwnnl facinJ!; stl~P: P!ob of awra~e r,·sidllallll.\iliIlS1. "x"l'lIli"u
time for Rt'", = 100: (a) ll'-vdlJdty: (1I) u"\'('loeily Hud /1') 1'f''S.<;llP· /".
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111-1,\\-"'-11 CVFE-:'dG Ilnd CVFE-O(; for ,·ull\'ugelll.:e (maximulLI error 1/' _ 1:' and
/" < In-~l·
Tahl,' 5.2: nl'arwlm! facinl!; stl'p: l'OlllpariwlI of execution time and iterations





6.1 Review of the Thesis and its Contributions
The formulation alld iHlplement,llion of i\1I1~qllill-ord\'rn.\oC'al,'d "onlr,,1 mlUllll'
finite dClllent-lItlllti!(rid (CVFE·:-'lG) tlwtho(] for stt';"uly, t\\'u·dim('usiul1;]l, ViSl'lliIS
incomprC'ssihlc nows IIns hCCll prl.-'!;Cl1tcd ill tbis tlwsis. Tlw proplJs,·d Jlwth"d 1I";1.~
formulated using the velocity l'OllljH!lWnls <lnd IlTI':<S1\TI' as tJlI~ dl'PPlIcll'1l1 varia!!1"li.
The pressure and the ,Iitfuscd sl'nll1rs weTe inlcrpol;ltl,d litll'nrl.v; tli,> "ollv'T:"d
scalars were interpolated using Illass wr'i~hll'f[ intl'rpo]lltiflll whi,·h l-!;llilrallt,~~1 1"lS-
itivc contributions to the cocllicicllts in tllt' alp;o:hraic disndizatiflll "qu:tLioll; iHid
the transporting velocities lVere intl'fpolatt.'.l usingil linear ililaptilali,m ,!fros,-w],,-
\'clocities and prt!ssurc coefficicnts. ilL which tlte pres.·;Iln~ r~radi"IlIS npP,'an',1 .·x-
plicitly. It WilS this explicit inclusioll (If lh,' pressure gradi"!Its that prt·wllr,·t1 rIll'
app('nrance of spmiolls osriliatiolls nf n:locity alLtl prt·s,<;url'.
III the propOSl.'d CVFE-~IG. till' llIJ1l1ilLl'ar. mUI,I,',1 alW'!Jrai(~ 1·lll1alirl1ls. whkll
Wl'fC ohtained [rolll tbe discrctizatioll or 1!1f~ .I> 1I/lI] 1I·1/l01Il1'1ltrlllJ awl ,"outillllity
equations, were solved hy ;t se~n:g;lt,·d solutioll algorithm with 1II11ltigfi,1 t.,·t~l··
niques. Doth F),IV- nllll \',cyele lllultigrid algoritllllJ); w,:r,~ ':mployt'll. TIl" pro,
posed CVFE-)'IG was aJlplit~1 to tW(j test prtJblclrls: Mlllan~ .lriV(~1l I~avity; lIud
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1"il/II'IITd f:(I'ill~ ,o;r,:p, FOT Il". . ,Ijllllr" t1ri",.'!i "ill'ill' pmhlrltl, ilt fll'.l'llOlds Iluwher
"r lOll. tll,' ('\'FE·~'G ],<:~lIhs 1I"'n: in gnod agn:"IlH~llt with Ih(' results in (16]
:\t 1(")'n,,I,ls IllltlllwT "r ,100, h',w"I"·r. the C\'FE·~I(; lllLdl'l'Iln'dicte<1 the maxima
ill Ill<' n-I""ity pTfJliI"s. This Iltlll,'r llTf'dklioll was caused hy the interpolation
srlll'ln"S IIs1,1 iUlllf' C\TE~1. TIll: llpwitlllingsrlwllJf' USl'.l ('ould induce false.liffll·
Si"II, :Iud 1)11: lilu>i1T iut"TlHllil(jnllof dilrlls"d sf~alars at all ~rid Ilt'Yliolds numbers
I\'lJu],[ OWfl:sl imak th,~ illfluelll'l' of diffusion at h:U;h fll',vllolds /lumhers, Doth of
tlll'SI: f;l!~tllr,s wnuld [I 'lui 10 Sllll'nr mnxima and minima ill a solution. The C\'FE·
:-'!G prnvilll'd rl'alisli!: predil,tiott nf llle lIuid HIlw IIvcr Ihc rei\Twilr,1 f"eilll!; step,
This prllhl"lll dl'llW!lstral,'d the allilit,v uf the method tn solve olltllow prohlems
witll S,VllIllll'lry llflllliclar,v ,'oliditiolLS, in Ihe PTl'S('IH'C of fl'citCHIMing fiow.
'1'1[(' C\'FE-:-'IG \\'II,S fOlln,1 to Ill' mnw dlici<.'1I1 thall solution with the salllt)
C\'FE:\I Ilsiul!; 0111' grid (CVFE-OG). ft was found that the C\'FE-:-'IG could
OIl.lnin solutions 2,18 to 7..13 lilllt's faster Ihall thl' (YFE-OG for the problems
l'r''''''nl,',l ill Ihis rJr,.~i~, Till: itc;<:"lernlinu of th(' rouH:rg('UC(' rate \l'as rCllllce,1 as
]l",l'llold.s 111l11l1l<'r iJlt'l'f';~o;,',L (Illd thus tlte lLonlinearity of IIII' ('ouplt"l equations
iW'rf'a,SI'11. :\!so, th,' jln'S('ll('l' "f s,\'l1Il1letry and 01l11101\' lJOlludnrics reduced the
,'t1i'I'li\,.. tt,'S.S flfthe tIlldtil!;ri,1 al~oTithlll,
6.2 Proposed Extensions of this Work
As IIWllliullf',1 aho\'(', the "lfeeti\"'IWSS of the IUnltil!;rid algorithlllWllS Tl'1lueed liS
1l",\'lllll,Ls nUIllIll'T illl'flW;l'd, III lhl' I·,e,,,dl's. the Ilctllnl dependent v"rill.hlcs lI.
/' lind /' w..n' onl," ,,\':\II11\tl'lI at 11ll' lillI'S! 11'\'(>1. At other le"els, It, v nud p.
II'lridl \\Wt' 11<'('d,'11 to l'aleulntc thl' ('odlkil'llts of the momentum and cOlltinuity
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grndi(,llIs arC' Llrl-(t'. and rh,;> illll'Q-iri,1 Irallsfl'r us"d Iwn' 1\'11.~ nol \','r," dlid"l\l, sinn'
tllf' most ll11datl'd \'alnl'S II'l'fI' IInl ill1l1ll'dialo'I,\' US,"\' Ollt' "Uh"~.,,,"'d \l'il," fll ~llh',·
tllis prohl"tll is that nft,'r ohlainiuA till' ,'nor" nf rh,' ;ll't11al ,1"Ilt'lld"llt \'arinl>J,.s II,
(' and J! at the sl~oIHllh\l'st 1.,wl. one \l'o111d intl'rp"lnr,' ttll' ,'m'l'S ililo till' Iill"'"
le\'(') imm"flialcly alill l'nrn..-:t tll.'S,.. d"lwmkllt \'arialol,'s al tl1l' till,'sl I,·wl. :lIld
then injl~t the "corredcd" valucs to "rliN roar"t' lI'\"f'ls for Ih.. 'lSI' "f ",,,,!lid"1l1
cnlculatic:l,
Tile successful imp!rolnl'lllatioll of ll\lllti~rid algorilllflls in tIll' ('lIl1tl','\t of a prim-
itive mriahles. "isenlls /lo\\' C\'FE:\1 \rilllpat! tn l'Olltiuw'(l rl'spardl ililn Ill!' (lpli·
mizntiOIl of these ml'lhods, Arcas IIf n'SC'arl'll III llf' f'ollsid"f('d an' illlprll\"'lll"lIts
to the interpolation schellJes. ;lllll pxlcusinllS I" tl'I"'I'-dilllt'llsiolls, and llllst"nd\'
prollll~ms.
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Interpolation Functions for the
Proposed Two-Dimensional
CVFEM
A.l Interpolation of Pressure
In the proposed Iwo·dillH'n~ional CYF'E~L prr'SSl1r,' i~ intt·rp"JOl!l·,llillO·;,r1v williill
an element:
Suhstitution nf thl' !allial con.lilions:
fJ = PI III J' == J', (Iud !J:::: HI
P=P-l "I.r. =.r1 f/lld Y=.//'l
P := pa (/1 J~:::: J:3 u",{ II:::: Y.1
(:\.1)
I. "n
into Eq . .-\.1 producl'S rla' followin).!; Sl't of silllllllallPolls, liJl\'ar llll-\(·brai,: "'llIllli"u,,:
PI :::: II p !:\ +",,1/1 +1",.
J!2 = 111,.r!+l!P!l::.+'·P
P;l = II" £:1 + IIp Y;I + I'll
/,\.:l)
Using ('r!llller's Rille to solve these "l!uariofls rI'sllhs in the r"Howilll!; "xprt'ssilJIIS
for the coefficients (I p ' br. IIlld cp :
(/" :::: -d;;[{!h-y.l)PI+(N3-.rJ1J/~1+(!II-!"1)J!:IJ 1,\.'1)
I." - ~ lrr~ - r,!lp) + 11";1 - J'lll~! + !.r) - r~)II.ll 1,.'\ ..)/
"" -;/;;1(J'!!i:l-J"I!I~)f11 +lr,I!lI-rl!l.dp2+{J·I!I~-.r211rlJl.1J ('-\.G)
"d = rl!h + .r~!I:1 + £~!lf - !lJ./"~ - !l2.r;l - ,'I;l.fl (A. ,)
J'/1/rtl2 = ./'.1 - rl' !JrrlU/2 = f/:l - .'/1, J'Y1II1l12 ::::: r:I!J1 - rl!J~ (.-\.3)
n/lld~ =.fl - '2' !J1Il,,1:1 = .'/1 - !h. ryI11111:1::::: 1:1.'/2 - 1:2!/\















A.2 Interpolation of a Diffused Scalar
III tlu' 1!tIllll~""([ t\\·,H!illll'tl... j,lt!1l1 C\'FE:\I. lilWilr illl"rpolntioll is llSC([ to ol)lain
algl'llt1lir nJlpn'Xilllalil'us to fhe llitfusi"ll nl1x llrroS.'i Iht' ('ontrol \"olume faces COll-
laillt'd within all (·[I·ull'nt.
oJl = (J.~j'+It,~!I+".~ (.\.1,1\
TIlt' I'll"tfirjl'nts u~. ,,~, and ,.; ar,' d,·t'·rlnilll·,1 in rh,' ~;lnl"1llillllll'l ;1:< III(' ""l'Ili("i"llt~









wh,:rc .'Il11rd,. J'/IIIII,. £111l1111,. ~llld ,["1 han' b"Ph ,]diw,d in E'IS...\" aud ,\.i'\.
Til/'ll the j.!;r.11Iielltsof 'il ma.\" IH' "X]J1''',,"'''''[ lIS;
l .\ . 1~l)
A.3 Interpolation of a Convected Scalar
In the propo~d eYF'E;..'l, the cnll\wt<'l] sl'~11nr, .)'-. wlii<:h app"ars ill Ih.. lt1~':' 1"fIIl.
is interpolated with lll:L',s \\vi.l::litl'd (~l..\\\") fll1w!i"n .... TIll' lila...." 11m: acr"ss II
partic111ar SUlll:Olllrol \'01111111' sllrfill'l' within all ,'!r'IIll'nl is l;lkl'U ilS Il"silivl' WIIl'1I
the velocity n~ctur ill Ihe intq;rnliolllJ"illt is iu 1111' salil" r1in~'Ii"III1,~1:1" 1I ....~lIlrl"r1
normal to the sllrfat'l'. \\"itll rcsp'~:t I" Fil-\ :1.:111, IIII' 1I1;lSS !lux ;wr"ss 1"11<'" J is
giwll hy;
A similar cxpres.'iion cnll iiI' wriul'll for th,· lila,.." ![IIX lll'rosS I11" IItlH~r sOlI"'''1I1 r"l
\'olumc faee within all e!clIl ... lll. On .'adl of Ih,~ IW" "'Ii ITIlI \-"]1Il!1l~ rHl'I:S Id'~ll"l,',l
hy th... intl...x k), a \';llne or Ih... 1:011\"'(:/,:11 sl:alar. thai is as.'illlJlI·,1 til l'p'vail lIV"T
llial fa"". ,:all hI! ddilwd. This is Ihi~ iU[I'J;rHti"ll pnint I"Ilhw. :Iud it is ll;i\"l'lllhc
",nlll",1 '~~o Wh"T'·!I." IIr,: lI"dal \"alllf'S al"': ]"(:]1I"''1"o11t,:<1 by ·,,:s. Tlr" followillll; rules
"au I,,· liS"" to df't"nllill'~ ','iZ.
For qUill! 1, type I clement 1I1ll! quad 2, type 2 clement (Figs.3.4ll & e)
F"r l"llllr,,1 v.,lulll" f:II"" I:
If lit l > I) ,~~





Fill" ("llnlnll \'il!lllll" fan' 2:
(A.23)
If lil 2 > Il ')~








For {iliad 1, type 2 elemcnt aud quad 2, type 1 clcment (Figs03.4c & d)
For mlllr,,! \'"hlllll' fnn> I:
If Ih l > 0 v~





II == mill [mu.r (~.o) 01]
Fur l"'1l1m!l"ohI1\W fan' '2:
(A.29)
If lil~ > (J o~ == ho~ +(I-h)4>:t (A.30)
If lil~ < 0 o~ == (1',~ (A.31).
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(:\.:l~)
l'sill~ Eqti..-\.'21 III A.'2G IIf Eq~ ...\.'2, tll :\,:I:!. lilt' rollowin~ t'lt1t:ltillltS "0111 I".
ohtained for the appfopriiltl' "I~,ItH'Il1:
[:;: :::: I( ~[ ) = [~,~: :~: :;: 1{ :::~ ) \\111
SoIvill~ thcse <-"{Illations. the illt"l~rl\ti"ll point \'i1hws ,'all Ilt, d,·tt·nllill<·tl.~o;:
'''~ =d:l, [(ll21b1\ - a\·!1J.1d'!'1 +((/nl'l~ - ul~"'n}'!'~ + ((/n"l~ - '11'!"~:d'hj(:\.:J.l)
01 = d:'l
o
[(atlb'11 - II".!tblt}tI'l +(Uti/In -Il:.!\"t:.!l'I'~+ ('lll'~l:1 - H;·tbl:.J'h/{,\.:I[J)
where
rid.,








allows the integration poittt \"ahU'. I':{. 10 IU' fewriUI'lt 1IlUff~ t'OlUpa,:lly as:
",,'JI; =: ?; C.\I,",[" k:: 1,2
It should l)f! notl2fl that o~ call Ill' ":I~i[y "hlail\l'd difl~:t1y (nolll F.qs. '\.21 10,\.2(;
or Eqs. A.27 to A.32 without solviul.( E'I . ..\ ..1.1. if there Ilff' uuly two ntlltn.J VI,ll/lItt,
faces within each clement.
!).l
AA Interpolation of Mass Conserving Velocity
:\s di.~'·IJs.~f',] ill CJlIlp"~r .1. IIII! ··Jll!l.<,.~ '·()JJ.~P.tvjlll( \"l.'lodti,·s at l?1\ch node within
,til ,·I'·!l1"t11 (';1/1 Iw d,'I"TmilH,t! by:
u~' i',-,(,(~). (:\,-10)
/J:~ i, -d.(~) (A,41)
, D.!} ~
III tlj(~ prop(,sd C\'F'E~J. l'ach "mass COllSCT\'ill/-;" n~lor:ity componellt is in-
1"I'I'''];Il,,·,1 within all ,,It:llll'll{ 1Iy IIhSlll1lilll!: 1\ linear variation of the corrcspOIuling
1lS<·IJllo.w!of"ili,'s, Ii, ;IlU!lii. lind prt's.<;luC coefficients. di ami dj. The interpolation
f'l1WlitJlls an' iL'i flJllow~:
ii, = 1l~J:+h"!I+C~
</;' = (/d~,I: + bd",11 + ,',I"
r\ == uvr.+bvY+c"





1'11<' ,-"..Hil-i"lIt.'.; in EllS. ,.\.·12 tu A.·lii C[lll he ohtnillL'<[ in the Silllle mnnneT liS the
,·,,,·flj,·j"lIls ill tIll' pn's,'iUrl' illlerpoilltion fUlietton. Hence.
I ~ glllll/,Ii; (A.46)". Jrl
1 ,
b.
-J;i ~ .rmulilii (A,.Ji)
1 .,
c. = JM ~.rymtlljrij (A,48)
1
,
Il~" J;; ~ J}tllu/idi (A,49)
IIJ•
1 ~ .rmuljdi' (A.50)-J;:;
1 ,
I'J" J;; ~ .rymul;d't (A.51)
1 .,
II" = Jrl ~ymll/jVi (A.52)
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be
I ?; FIlIII/,;', \A.;.:I)-J,:j
I ~ Ty"'II/,,\C. Jrl \..\.:,-11
I ~ ym"/"t;' \:\.:",',\J;:j
I "I,~ ~;;;; ?; .rmll/."~ {:\.:.Ii)
I
,
("". J;j ~ J!Jmttl,":" IA.:,i)
where ymulj. rll/l/l;. rymrtl, ;llHI ud haW' IU-"ll l!t,tlllt,d ill ECl~. A.j and cUi.
Appendix B




III dlalJll'f 3, tIll' gU\""l"llillg "qllalioll:5 for ~ll.'ad.". !wv·dill\l~nsioll<ll. \"iSCOlls. illcom-





wlll'tl' .i is till' l'olllhilll'<l CO!L\"(·ctjoll-diffllsion flux \"cclor, S is the source term.
nllll !i is r]I'< l1Ia.~s llux I'p,-tor. E(lllatioll 13. t reprl$('uts the .r-momenlum equation
wh"lI:
i (ll;U-llf!1I
S ~ S'- 0'.0,













Applyinl-( Gauss' Diwq.(rnc0 TIJl'l11"t'111 III a c('nln,l \·"llllll" \"" \\'llidl is tix,~1 in
space. lh!' illtel.(rnl forms of Ell!;. 0.1 ;\lId D,;! ,'nll Ill' "btain,'d'
/O\"';'J1I1... :; lSdr III.H)
1\.ij'J1l/.~ = II (B,lOl
wlll're D'" is thl' surface of 11, .... ('unlrol vo!lllll". aud Ii is ;1 HUll "lllwanl \WI"1"
normal to the differential InNI d....
\Vitll refercnce to the poly!.(orwl ("lIItmlrollllJlI' IIss(ll"i"ll~1 wit 11 IJ l.I"pit-al tt'Hl,'
3 within the cnlcuJntioll dllmain. ,'illwr alt illh'rualUlult' as ill Fi~. :I.:!a . or a
houndary node a,~ in Fi/{, 3.2h , Ells. n.o and n.lO ,'all lu' ,'asl ill tIl<' rtlllllll'ill~
forms:
[ tltl.r.j;IJs_ ~,\IJ.r"i:!d.y_ [.s,/\·Ij,\f, J.~I, J\
+ [silllilnrcolltrihHliollS from otlte["II'1Jl"ltlsl1ssol'inll'rl wil It nud. :11
+ [1)ound,nycOlllriIJllliolls.ifapplicall!..'J = II (1l.11)
[;" '" ;"'" ]fj. iii d" - !1',1~ d.y
,\13 .\/,
t [silllilarcolltrihillions (rolll oth"ff'I,'IHClIlsIL<s(J('inl"rl wit II 111,,1<' :11
+ [llolllldllrycolltrilllltions, ifaplllkalJll.'! = l) (11.1'2)
To ,I!'rive the dClllent f'ontrilmtioll ttl Ihe ('flllirul \'Ohlllll' illt.,'~r:l1 l·nll~'f\'a·
lion e(luations, 1111 1\1Id D.12, it is Ht'l'l.'So<llr.v In illlt'(..(rat.l~ 1111~ al'pf/lpriah~ !lux
across the two control \"OllIlTle fuct'S ill 111\ PII'IlH'lll. TJlll pro':l'dllrl'S IlM'd ill!lw
proposed method to perforTll these illll!j..(ratiCln~ ;][r' ,I,'snilu',1 ill Ihili al.p"Tl,li~. 1\11
Ilomeudnlurc \Isl~l in this appendix is ell'filled in Fig, 3..-1.
B.2 Momentum Equations
B.2.1 .c-Momcntum Equation
The !nte~rated flllX of J:-momcntlllll ;u:r()~s It "(JIllrul volullw far:l~ k is "X]JI'I's.';l,d ill
the followin!.(TIlilullcr:
[Inte/{rat('(l fluxllcrusscolltrul \"oJulIlcfac('k) = h"nk'/"'k· iiI: rI.~ 11l.J:iJ.
.fk = pihl-J,'fll (D.l.J)
TIH' ('fJlllhilll~d ('/JII\H:tifllHli1fusinll flux veftoL .1"'. call he S€IJarated into its corn·
pUIU'IlI, jJarls ill tIll' r. ;Uld !}rlirectiolls:
.i' = J; itJ; J (D,15)
WIIH!'
./; Du (G.161,nUI -/1 fu
l' Du (D.li)
" fH'U-/lay
SlIhstitutiuJ!; til(> ,\IAW intl'rpolatioll function, Eq. A.39. for the cOll\'cctcd scalar
If, aud thl' lilll'ar illll'rpo!atioll fUHf-tion. E'IS. A.18 aud A.ln, for the gradients of




{/II~ (tC.H,'" tI,) - f- (tYIIlU!i II,)
;<01 (et i=!
Ilt'k(tC.lf,k lIi)tf-(t.rmU!i ll')
,=1 f et ,=1
10.18)
(0.19)
It sholllll hi' ILUll"! that /lk and v'" arc the components of ~massconser'\'inll" velocity.
TlIl~ lIllit J1()rlllnll;~ in Eq. [).13 ("ILIllll: rldillC1! as:
(0.20)
wltt'n'
1I~ (.I/~' - .'J.\/.,) (D.21)
II~ (.r.II, - J'~') (D.22)
I'" [(.r~,-.r.\I,rt(!I.~t-!l.If.)'lf (D.23)
Tht'rpl'nw. Eq. D.13 ran he t'xpr(,sSl~1 as follows:
t.,,~·fk ,,;~b "'" ~ },.".(J: II~+J: n~) ds (D.2.t)
00
Suhstitlltillg Eqs. 1118100.20 into Ell. D.:!4. ;1l11Iusillll: SimpsolL 's Ihll' ttl appr"x-
imate the intc/.:flltioll ~i\"(';;:
J. I\: II; (k ~ k" ) ( ., ,)J~,ek.] ·nkl/.~ G P.I(II.I/+·I/'I/III/+/'.II,I(\/, ~('.H, 11,
+ ~ (Alt'.tr + .11'~11'}1 + 1"\/"".\1.,) (~C.\f,,, Ill)
_ "{I1~ (t ul/lId, u,) + J'{'.l~ (tJ'"I1/I,II,) (Il.:?")
(Pt ;",1 lit ,:1
The subscripts H ami .\f illllicntc that tht: sllhscriptt'd quantity is I'\·1I111a1l'.1 al
the positions shown in F'i~. 3.4, for face k. This cxpfl'ssion nlll~' hI' Silllplilkd b.\"
defining ti,e following "avcrage" varin hIes for rOJltwl \'ohm]!' f!l('O' k:
(U)~" = (A,Il~1 +-tP~/U;1 + (l.lfjU,IJ,,) Ju (B:2fJ)
(F)~u = (Afl'~I+·lp;,l'71+JI.\l.ll·,\I,) IG (11.27)
Lisilll-\ these vnriahlcs, Eq. 8.25 can he written as:
L«. lie. Ii" ds I"~ (U)~" +1l~ W)~u] (~ (',\I,' II,)
+ f [Il~ (t ./:/llu/; II,) -II; (t !luwl, ",)] (ll:!i::Il
I et ,~I ,,,I
The aho\'e eqnation ('an 1)(' simplific(l. and rewrittell in t(~TlI1S of 11<1llal \',·I,,,,il i,·s:
where
For incompressihle !low. an denll'l1t sOllrcl: t",rlll $" call 1)(' "xl'r,osSf),1 as:
$U = 5"-3; (1131)
The intc~ration of SU over It SUbcolltrol volllll\l~ ~ is ~i\'ell hy 111'~ fullrJwill~ ,~x·
pression:
WI)
.·1, = I fl!h + J':!!J.1 +r.:llli - .'Ill",! - !hr:t - 11.11:1 II"!., tlte ;lft'a of th,~ dement.
B.2,2 y-Momentum Equation
TIll' illtqc:rat,,,lllllx of lI-l1lollwntlllll across a r.untrol volullIe face /.; is ~'~prci~,,\ in
till' {oJinwilll-'; UIIlIJIler:
[11J!<'j.(nltl,1 f1uxacrossnmtro] \'OlllIlW faeek! = i.uk J"'. likds (D.33)
wit i,'11 ,'an 1,,~ si IIIpI ifil'd tr.
!,'CCk.fl' i;·d.~ = C~t"l +C~l,'!+cil.':J (G,3.,1)
SiIWI' tltl' ,'oll\','r'tioIHlilfllsj"ll f1UXlOS frlf the r. nud.ll momentum equations nre quite
sllnilar, Ill<' ,h'ri\"atiolls of the intl'l-';rntrd lluxcs of the 1: amI !J momentum are
JW:lrl.\" illl'llI il'al. Thl' only dilfcl'cHces nosHI! from the different pressure gradients
anrl sonrC'1' lI'rlllS m;ccl ill the two 1Il(>nwnlllm equations. The C,· terms, Eq. G.30,
wililltl'l'pf"rl' remain the same. HlllI"l'\"l'r, tile \"olUIII(' illtegration of the appropriate
S(lllf!'l' 1<'rI11S, S" should Ill.' rl~l'\·l\lllat ..d:
B.3 Continuity Equation
Tit,· illtl'l.:rnt('(ll1l:IS~ flux across a Clm! r,d r"lllllll' f~lCI! k is expressed in the following:
\Ill
f,t (D.37)
Substitming Eq. 0.20 ilUO Ell. 0.36 ~\"t~:
h.«~!t .,i" J;< = ~ h",-rt I'" ("It II: + /.'- II:) ,i.Of \ 1J.:\~1
w!lrrc "" ~Iltl ,,~ lIn' til(' tOUlPIIIWllt~uf '"lI\a.,<f """"''Tl"in~'' wl<"'it.\·. l':-il1J.;: Sillll"
son's flull! to npllroximntl' tIll' illlq,;ratioll ~il"l'S:
!~«Jt' ,iltds ~ (fl~fU~, + .111~/lIr, + 1',11,1/.\1,,)
+ ~ (fl\,,1, + "flr",r, + 1'.\/Jl',lh) (Il.:l~l)
TIll' sull!il"ripts H alld .\1 indkat(· tlmt tIle sllhsnillh~1 qualltit,\' is "\~lhl;ll,~1 al
the I)ositions sho","n ill Fi~. 3.·1. for fare k. This I·Xl't.'S,"iilllllll11,\' III' Silllplilil~1 hy
dl'6ninn the follm";ng "n\"Cra~c- \71riahll'S for '11111TtlI "lllInll' (al'\' £':
(i'):~ = {/)1"j~, + .Ip~,,;t, + p,\I,n.\I,l/G tll.,llI)
{D")~" = (p~,(rr)1, +-1p~/(d")~,+",\,~d~lI'] 16 (11A1)
(q:" = [/}1,i'~, + 4p~/i{1 + fI,\"i',\I, JIG filA:!)
(D"):" = [p1,fd"J1r +'lp~/(rI")~/+".",rl':i"I/G (I1,.1:\)
Thus, Ell' 0,39 l~an he Wrilll'lL ns:
1. ij'.,;',{.. ,,' [(tl' -WI' (~).l/.,..t '.,,"" ill:,
+ ": [(iL -lD"t (~)J (11.111
Using lincar illtapolation ror JlrL'SSUTC. tlll~ 1·ll'lll,'ulal "n~lI11' ~rll(li"llts ill tIll'
abo\'e equation can he wnlll'lI ill tcrms of 1111: 11011:..1 pn~Il"''S' as ill<li,·alo.1 ;11
EllS. A.12 and .-\,13. Consc.'fJlll'ntly, Ell. D.-I-Il~atl loe wrilten :0..<0; f"lIows:
r it' n~d., II~ [(Ur - (DI·)~· t ,1/11111/,,1,]JfB«~ •• , tI ,.1
+- II: [(Vr +~I")t"tJ:lIlllljJJ'] Ol.,l,;)
"" 'd ,,,,I
Tile abo\'C cqunlioll cnll III: ~illlplilil'!llln(1 rl~l'.'ritt(·n ill ll:rllls 'Ir tlflfllll pw~sllr'~~
h.«1t I,ittl" = £~ IJI +E~ I~+E;~ /':1+ at (BAG)
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Assembly of the Discretized
Equations in the Proposed
Two-Dimensional CVFEM
C.l Introduction
The integrated fl.UXI'S of momentum 111\11 lilns.~ nt.'rfls.~ n <:.11l1l'1l1 \,••111111<' fal'" kill
I\n clClllcnt :lnd the intel-\r:ltcd SOIlW~ terlllS, which \l'Pfe ,liSl:llss"d ill ApJI"llrlix
O. nrc used to compile the romp]c!,· ,1iscrct.i7.,~1 forms flf 1111~ illtl'J.,!;ral I'ulls,'rvatilill
equations for a control volume. Th,! ns-wlll],1.\, of tile fiual fr'tIll!'; llf till' (liSt"!".,! iZI~1
('<Illations nrc descrihed in this npP'~llllix.
In the asscmhly of these discrctizl'd eCjuHtiuns, rdl!rcllt:(~ is 1ll1L1!'l In til<' II(lIlll'lI-
c1ntllre ill FiA. 3...1. The polygonal (1J11trol \'nhtlllC cUIIslrllch,1 ;lfOllllll all intl'rnal
node (i,)) ill a calculation domain. :lnd all of th,- CI('llIl'nts IhaL lll:ty hl~ as.";(Willl"11
I\"ith this control rolume ate shown ill Fig-. 3.·111. It sliu1l1rlll!~noled Ihal lh,> lIlilX,
imulll numher of connectiolls It Ilolle ilIa,\' Im\"c wilh its lH~i~ld,ollrs af!' Sill ,wn ill
this figure. Figures 3.·111 to 3.41:'. show tl1l-' fUllr l'ypr~~ of f!lt~llIr~nls tim! aIr' llSI~1 ill
Fig. 3Aa. with their corrcs]lOlJ([illg !lIllie numlJl'ring sdlClm~. Tlll.'s,! rOllt ,·I"IIWlll.~
Il.'sult from the two possihle orielllnlinllS of Ihl~ dia~onal.
10·'
C.2 Assembly of the Momentum Equations
C.2.1 .1:·Momentum Equation
f"r Ihl' .r.-lllllllll:llt Ilin "(IHatinll, ,Ill' inlcllral of till.' HllX !ICroSS II ron! tol \"ohlllle face
k withill !llIl'll~lIlelll i~ wrillcli a.., folll)ws in .-\ppf'ntlix B:
Look jl , IiI: d ... = C~ III +C; U1+C.~ Il~ (C.l)
1l1ll11l1l' ,~l"IIH:llt:d CIllitrihutioli to rhe I'O!UIl\C illle/;ration of the source ternl for
rhl'('IJ1llro!WJIIIIIlI':ml1llll!u(),le j iSllj\,Cll h.v:
r S~dV = :1, [(S;)j+ (S;),lI j - _11 t YIIIII!,Pi] (C'.2)lv, J (pl,=,




TIlt' HSSl'lIlhly ufthc final foml nrthcdis('fCliz('f! J:-lI\OmelilUln equation is done
in all ,·ll·llH'ut.by-"lcllwnl l1lalllU~r. When ellch clemen! is cOllsi,[cred separately,
lhe :Jllpropriatc Gil< (erms ;mdcriwd for each node i lind eAch control rlJ:Ulne face
k, 111I,l tllisp;ivL'S six e,k letrllS per c!l'lItent. \Villi reference to the nomenclature jll
Fip;.3,·I. lIl'II' "ocfficicuts t'<lll he defincd in each clemenl that simplify thc assemhly
IIf Ow control VOhlllll' iutrgral cOllse[\'ation equation. The algebraic discretizcd
'~luati(lIlS 1',1n finall,\' he \\'titlt'll slll'h that only the cClller-poiut contributions will
rI'lIluin Oil til,' It.,rt h~1111 ~idetlf tht.' equations,lhe other related node contributiolls
williII' kt'llt 011 the n";!ll. haud sid,' of Ihe ('quations.
Fur I lit' (l'lar! I. 1.I'p(' 1 delllC'llt ill Fil-;. 3..1h, the following coefficients can he
"rnlu:llt'd \l'1l\'1l 11l1cll' I i~ 1l\J\lr (i,j). node 2 is node (i + l.j +1). aud node 3 is
tHHII'(i+ 1.j):
With r"~lll\'1 1o l1ol!l'{i +l.j):
lO5
.-l~,.1.:1 = ..1::\,_1.", - c.~ +C"]
.-1;,.1 , = .4~;,"1"" - C: + Cf
.4:,'., , = ..1~-,~:·".,,1 + D;
TlltfOefficirms a(lpr;\r 011 bl111L l<id''Sl1rrh,''l't'''III111il1l1.... I...nIlL''l''·tllllrihllti''lll<
wil1lllso be m..ulc from oll"'r ,·I''IIlI'llt.s. Jlllil prt,,·i"ll.s ""ll,rillll,iuIL" mlll<f IN'lUain_
tainetl. The contrill1l'ions ro th,' N.'UI,'r'I'"int nN'lIicit'lI1 :I:" f 1.,,1 ~I't' 'Ill' IN,rli""
vf the nrr transport or L-1lI0melllll111 '111' "r fill' Slllll"llIlTt,1 ,-,,1111111' l<llrrtnlllllilll::
node (i+ I.j). n5Socinl('l1 with NJ in Fif(.3..1b. -1111' '-'lIllrihnlj,'lls III th .. ,,'IWf ,'".
\'fficients are the portion of tile net tnlrL~IM,r' "f r-1110UlO'1111UII iliin tlr,' l<I1IN'>nl,.,,1
\'olume,lue to the cOrTI'$poll,ling no, it'S. [II FiJ.:. 3..1b till' lI"rli"l\ ;L,~, ... i;sIt,1 \\"il II
III isnd,led 10 .-l:7li+l.jl' ami tlie I)Orrinn n:<'''\II'ial''11 willi II'! i:-. H,lJl,~1 I" :1:1011.JI'
The source-rclnted tcrm~. E'l. ('.3. lIrt: tll"11 a,l,l..d I" Ilr,~HlIl'fI'(lriall""'l'lIiril'lll:o; I"
co-nplete the MsemIJ1.\'fnr 1l0dl'!i+ I.jl ill 111,' 'IUII,1 1.1.\'11\' I d"ull'UI or Fill. :1..1
"
,
Similar procedures are used til ,"L'i.~l'lllh]'> 111(' ,·,,,,tIi,'i"llts ,,1 Ih,' "lllI'f 1I.,,1,~ in tllO'
element.
\VitIL respecl to node (i.j):
.-l~''''I:: '-\~',JI - c: - ..\I'~
.-l:(,."l = ..to;..',J' + cl
.-1.:;-,.", = A:;,.", + c~






A~(i+l."tll = ..r~,'l..1 ~ I) + c.~ - :1~8::. (('.1 :~J
A~r.+I.,,-loI' = .\:~.r.J.'I- c~ ((,,1.1)
A:ti+IJ+I) = .I:',.I.J+lI - c;~ !C. I ;,)
A~;"+I,J+II = ..t~:~'l.) .. ll+ D~ rc. I t'iJ
For the qun,l 1. I)'PC 2 Ch~III!~1I1 ill Fill, .1.·k, tl"J folllllYill,l.l '~lf'lIid"lIls "1111 \",
c\'aluntc([ when lIode I is 1\()(lc (i,i) 1I'~1":2 is Ilu(I(: (it l,j + I), ;,.,.llIllrl,·:l is
nOlle (i.j + I):
""
\\'jlll r'~JIf~·t tu [lod,' (i.n:
..1:".11 = ..t~"")' + (',' - .4 1S;,
.,C;;,.)) -= .4:;;,.)) - C~
A~('.)1 = A~(i.)1 - c:l
A::(;~JI = A;,';~.n + D~





.-I~'l'+I,)+ll = A~I,+I,J+I) - C] - "hS;1 (C.21)
..1::'h.'.)~I! = ..1~(i+I.)+11 + Cj (C.22)
..l:'~+L)+11 = ..l:~~+L)+I) + cf (C.23)
..I:~~+LJ+I) = A~i7+l.J+l) + D; (C.2-!)
Wilh n'Sp(~'1 to JJod,~ (i.) + I);
.-I~,(,.)~I) = ..1~IiJ+1t - C.{ + ci - .--!.:IS;. (C.'25)
.-1:.1,.)+11 :..: ..1:1,.)+1) + ci - e~ (('.26)
..1:,I(.)t!) = ..1:01 ,.)+1) + c~ - c] (C.27)
A~'::'.,tll = A~i:~+l) + D!j (C.28)
Fur lh,~ 'lua,1 2. '.\'p" 1 l'!<'1nl'Ul ill Fij.(. 3.·1,1. thc rnl1owinj.l coefficicnts CUll he
"\'ulnal,',l wlll'lI !lU'],' 1 is IIn,le (; + I.j). nOlle 2 is no,le (j,j + I) . and node 3 is
Hod,· (i.)):
Wilh n·sp"..r (0 node (i+ l,j}:
..1::1.... 1.)) = A~ljtl,!1 + e,l - .-1 I S;, (C.20)
A;;;~'+!')l -= ..1:;:'+1.)1 - cl (C.30)
A::;itl.)1 = A:'I<+LJI - C,: (C.31)
A:~;:'~I.Jl :: A:i:+I.)1 + D~ (C.32)
\\'ill1 rr'slH't't (0 Ilodf' (i.j+ I):
..1::I,.)~ll .= A~I',)tl) - cj - A'!S:' (C.33)
..1:'''.J+ll = A:'(i.)+I) + c;f (C.3-1)
A:~,.)tl1 -= ..1:'(;.)+1) + Cf (C.35)
.-l~~:'.,,+1l = A~i;~J+1) + D2 (C3B)
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\ntll respect to Ilodl'li.j):
A~",)l = A~:l;,)1 - C.: + Ci - ..1.•.'1;" lei;)
A;",,)) = "\;,\,,)1 + C: - C'f 1('·:\$1
..1::\',JI = .,1:: 10 ..11 + c~ - ri (l'.:l!J)
.-l;~::JI = ..1;;';:'..11 + Dii ((' ..111)
For the 'Iliad 2, trpf' 2 d.'Illl'lIt ill Fi~. 3.·10', IlL<' foll,,\\"in~ 1'",'llkh-1I1~ I'all Ill'
c\';,lllalcd when no,lc 1 is 110(le Ii + l,j). lIo,l,,:! is n,,,l,, (i.j + I), alllln,,,],':f is
lIode(i+l.j+l}:
With rt.'sped to nodI' (i + l.j):
..1~(;+I,J) = ..I;;(i+I,)) - C: - ,·IISI~' W ..ll)
..1:Io+I.J) = ..1::[,tl,)) + C:: Ie..!:!)
·-t~,";tl,JJ = .-l;:;~+I.J) + C; (('..1;\)
..t~~?~I'JI = :l~~:'+I,JI + D1' (('.·1,1)
With resped to node (i + I.j + I):
..t~(i+l.)+IJ = ..t~(,+I,JtIt + C':: - c:i - :hS,~., ( .,1;'1)
..t~;+IJ+IJ = ,·I:·[,+I,)til - C~ + c; ({ "W)
,.1:(;+1..1+1) = A:1,+I.)+1) - ('1' + ('f ({ "Ii)
,.J.~:'+I,J+11 = A~;:'+I,)+11 + D:; (CIII)
\\"ith n'spcct to HOlle (i,j + 1):
A~r',)+11 = "\~"',J+11 + ci - "hS,~, (C..I~J}
.-1.:'(.,)+11 = "\:''('''''1) - ('~ (C..ill)
A~",)+ll = ,·I:",,,~I) - (':i (C'-II)
A~~::"+II = ,.I:~::"~I) + D~ IC'.,j2)
When these coefficients lla\'c ]1('4'11 emlualefl aud ;~"Sl;lIllJlp.d for "wry ,.j"tlll'lIl
in the calculation domain, the final furm of tIll' dbnl:lizl'd .r.·JJJ(Jtfll'lltlllll '~llIatilJlI
for each node is obtained iLS follows:
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..I~",})" Itl ••}) ;\~'I.,}!· II(,.I.}I + ..1:1,.))" 111 •• 1,)+1) + ..1:
"
..1)" UIi.}HI
+ A:(':.}I· II,,_I.}+I) + A:~(',}J '" 111,-1..11 + A:',~.})"llli_I.}_IJ
C.2.2 !i-Momentum Equation
1""1' ,II~' !/-m'lIll1'IlIIlIJI f'ql1,\tiun. tll(, iUIl'lI;ral of the flux across a cOlltrol volume face
k wil,hin lIll l'lNuI:lJt is II'l'iUI'l! n~ follows in "\I)/lcndix D:
a III I 11ll' "I"llll'lll1\1 '~"lIlrjllllti'-'ll 10 tIll' \'olume integration of tile ~ource for ti,e
""lllff,1 \'I']'1Illl' arnllll,llll,t!l' j is~i\'I'lIl)y:
f, S"d'F = ..IJ [(S'~')} + (S~) I'j + _/1 t .xmU!iPi] ((,,55)ill ) (pi ;,.1
((',36)
(C,ol)
..\S ,!ist'lls.'it'i1 in Ap[ll'lldix I3. till' e,k l('rlllS in the expression for the integrntl'il
IIllX IWWSS 11 rOlltrn[ \'olulliC face ~'. Ell. ('.54. nrc identical for both the .x. and
!I-lHolltl'nIUm "'Il,ations, Then'forp. tIl\' ('odficicllts involving only Cf terms nrc
i,tl'lltil'lll f,lr lloth ,/:- nlul .'I-IIIUI11l'ultI1l1 "qlllltlQlIS nnd these coefficients do not need
10 Ill' I'\','mhlllt,'ii. Th"Ii\' ('\ll'!fil'il'1I1~ iudude A~ . ..1~e. A.~, A:w. A.~, A:.... A~,
;\1101 .·1:.'. 'I'll\' n'lllnillill~ l'Ildlid(,llt~ 11111st IlC c\'"lllnted. I)~a\lse they include either
pn's.~llr{' g-rndil'nt or HOUrt'l' I,'rllls which arc unique 10 the !I-lllomentum c<!Uatioll.
These coeffiril'llt!':He s!J"citil'd lIsill~ lilt' "am,' llr""'~\IlI'l's as for rIll' ;'·IllHIlWnllll\l
I'qulItion.
For the lluad l. t.\'lll' I d"IIll'llt ill Fi~. :\..111. Ih,' r"llllwill/.( n,"'lici"lLts ,·;ltl I",
p\'aluatc(l wll<'ll no,!l'l is ILl'lh' fi.)). llIHI,':! iSIl,,,k (i+ \ ..i+ II. aLl,1 L1,ult·:1 is
nOlle (i + I.)}:
\\"ith r~'spcct to llod!;' (i.j):
..t~'l<'JJ = A~II"'\ - ('II - ..1\8;:,
A;~~J) = ..l~:~l + Of
\rith respect to lIo,le (i + I.)):
A~"tl ... l = A:'('~I.JI + e:: - C:i - ..1:,5;;, (C.fHI)
A::(~+1.JI = A~,7:t~I ..1l + D;'; (('Jill
\\"ith respel't to no, It' (j + Lj + t):
A~'(''''l +ll = :I;·,(.tl.J'I) + C; - :hS;:, (c.m)
A~'~~+L +lI == :1:'~:'+I ... tll + Dt (Cr.:!)
For the 'luad I. t.\'[lc 2 d"lllent ill ri/.(. 3.,11'. till' rulll/will)..\ ,·...·lIki,·ub; "1111 I".
cvalllatClI when node 1 is nOlle (i.)). nOll,· 2 is lu"I,· (i + 1,) + I). :lwlllllll,·:\ is
Ilode (i,)+ I):
With reSpl'ct to no,le (i.j):
A~.i.J) == ..t~(i..J) + ('II - ,"15;:,
A~'~~J) == :l~~'J) + Df
With respect 10 node (i + I.) + I):
A~.t;+I.J+t) = A~I'tl.Jtll - c; - :I~S;, IC.OG)
A~~+t.j+l) = rl~';:~I.J~IJ + D~ /C.O?)
\\'ilh respect to nOlle(i.j+ I):
A'~(i... +lj == ri;~',J+I) - C':: + c;f - ,.laS;, fC,fil1)
A~~J+11 = A~,r~,J"'1l + D'l (C.c.~J)
lill
For lli.~ !llIad 2. typ~ I dClrll'llt ill Fi~. :Ud. rile follo\\'illl-\ coeffici'-'nts can Ill:.'
"'1Hhrall'd wll"lJ uod,' L is unci.' fi+ I.j). node 2 iSllodc (i.j+ 1).lIl1d nocle3 is
Il"d,~ (j ,jJ'
Wirh rf~p"d to lr"d,~ Ii + I.jJ:
A~~'lr.J) == :1~'!'+l.J) + cl - :lr S~, (C.iO)
A~~+r.J) == A~~:,-+l,JI + Dj (C.D)
\\'jrll l"'SIH~d tOIl"'!C (i.j + I):
A~IiJ+rl == A~II.)+rl - Cj - A':!S~~ (C.i2)
:I;;:~.J+rl == ..1:::~.J+r, + D!j (C.i3)
\\'illt n's]lO'l:l 1.1' lIluh·li.j):
..1:11.)) == A~'II.JI - C,~ + C':i - A:JS~J (C,i.j)
:l~.(~.J) == A~.~~.JJ + D:'l (C.i5)
Fur llll' ([uwl 2, jYJl'~ 2 "]"nll'1lt in Fig. 3Ac. the followilll-\ c:oefficicnts clln he
"vldual",l \\'111'11 no,lc I is lind,' (i + J.j). nod" 2 is no.le (i,j + 1). mill node 3 is
u",h'(j+ l.j+ I):
\Vilb l"'sIH'rlln II(Hle (i+ I.j):
A:~r;+r.)) == .1;:,,+r.J) - ci - ..1 15;, (C.i6)
"1;,(7.+1,)) == A;:~:'...r.JI + D~ (C.i7)
Wilh n'.sll'·'·' to node (i+ l.j+ l):
A~h+I.)+I) == ..I:".I.J+I' + C.{ - c.i - A3S~J (C,i8)
--I;':~L,,,, = _-I,::."." + D; 1c.;9)
Witll n'slwf'! tn lIu,ll' (i,j + I):
A~'I,,)+1) = .. 1~·".J+'1 + cj - ..125;. (C.SO)
A~'~:~j+ll == ..I;·~~.!.'I + D!j (C.BI)
III
\\'hen these coeffi('iellls baw h~'t'n "\'011I1al.'<1 an,[ a"~"1llhh',1 f"r .""'f.\· ,'!t'III"lll
in the calculation dOlllnin, fhe final fnrm lIf TIll' .li~"r<'lizl"[ !/·tlHll11"IlIUllI "'lllill ion
for each lIode is ohlaiUl'd as fo11o\\'s:
.4~(i.)) i< 1'\i"I.J\ + .·I:';'.J) ~ "I.+I.J+'\+ .·I:\'.J) ol""J+"
+ A~~.)) * l'l,-I,JtTI + A:~;'>JI 0 l·(,_I.)1 + ,·I:,;':.JI .. 1',,_I.}_"
+ "1:.(,.)),, I'U'J-l' + ,·I:.~,.)) .. 1'1' ,L}-II + ,·t:·.';;~}1 (('.:t2)
C.3 Assembly of the Continuity Equations
In Appendix 0, the illte~ra[ of the 1Il!\.<;'<; tlllX o1('fo.~s 01 l'olllrol mhlllll' fa" .. ~, lI'illlill
an clement is writtcn as follo\l's:
/,~""k!i'" ii Jo d,~ = E~ /II + E~ J~t + mJ':t + nk (',~,1}
Equation C,83 for tIle continuity ~qulllion is similar ill fmm 10 "'lll1lti"n ('.1 f"r llu'
x-molllentum equation, thcr('(orc, til" .lisl~rf'l.iz.l'fl forlll of tit.. ""Iltillllily "qulIli"lI
may he assembled in tile same 1II1tlUIer liS the discr.,tizl'fl trlOIlII'lll'HlI "tlilldiullS.
for the quad 1. tYIle 1 clement in fi/i, 3..111, lhe followillli "lIl'lli,'i"IIIS .'all Ill'
evaluated when nOlle 1 is no.le (i,)), llolle:2 is 110,11' (i + 1.) + I), 111[(1 l1'llll':J is
lIode (i + 1.)):
With respect to nOfle (i,)):
~l~li.)J = ,.1;(',11 - Ei
.4~'>JJ = .-\~f'>J1 + E::
..I~i"'.)1 = A;:;"I} + E~
A~~}J = A~:>Jl + IJI
With rl'Spect to nodcU+ 1,jJ:
.-\~itl,JI = ..I~'+I.}) + E:: - E;~
A~,tl.)) = ..I~i+t.)J - E,~ + E"j
,·t;;, .. I.}1 .4~"I.)' - Ei + Ef






With fl~llj!Ct to ho<lc(i+ I.j r I);
.-t;. ... I" .. 1I =: .-t~ •• I,J .. ,J + Ei
.,l:.c~tl".]] =: .·l~~tl"tIJ - El
Il~ .... r,,+ll =: .·l:.c''''I,JtIJ - E::f





F"r !Ill! quad 1. rY]Jc 2 ('l('m(~lIt ill Fi~. ,1.,k. Ihc fo1JOI~'iugmefHciCllts elln be
l'Vlltll;,,!~t wh"11 lIodc 1 is IWlie (i. j). 1101[(' 2 is node (i + l,j + 1). And noltC 3 is
1II111.·(i.j+ t):
Wilh ",,,p.'Clln lI{Jl"I(~ li.j):
.-t~,,J' =: ·-t~'Jl + EI
A.:t',J] = .-t;:,,J] - E4
.·t;".JJ == .-t~,,,] - E~
.-I~~JI =: .-t~:'..., - nl
\VHh n'SfI'~'! to IImle Ii + I.j + I):
..1~I.tl"-I-11 =: ..1~J+1"-I-l) - £'1
..t~i+I"+'1 =: .4;;'+I"tl) + Ei
.-1;~"'1,,+11 == .-I;;i"l,,-I-I) + E~
A~;"'I"tll == A;.'tl,J+ll + [J'l
Wilh ft'SIIt't.'1 10 1I011('(i.j + 1);
.-I~,,,+ll = ..t~ioJ+rl - E~ + Ei
.·t~'J"'ll = A~',J+1) + £1 - E~
.-lM,,,tll == .·l~i.J+ll + £J - Ei













Fot rll<' 'IUjI(l :.!. Iypl' 1 dCllll'll! in Fig". 3.·hl. tlie foJlowjn~ coefficients can he
"\'nlnnlt>tl 1\'h"11 nOllt, I ill nOlle (i + l.j), no.le 2 i:'l node (i.j + 1). allli node 3 is
lItult'(i.j):
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\\"itll respect to node (i + I.j):
..t~('~I.J\ = A;~H-L)l + F.i
..t;;:·t1.J) = A~",'tl.)) - El
A;:iitl.Jl = A~'.I.JI - E::
_.I~(~-tI.Jl = ..1;,;':\1.)1 - [11
With respect to nOlle (i.j + 1):
A~'('.J-tl) = A~I.Jtll - E~
..1;\,Jl'lI = .-l:~i.H1) + E,i
..1;\'.J-t11 = ..t:~,.)-t1) + Ef
A~(~Jtll = _·1~:~)-t1l + [3"
With respect to node (i.j):
A~(i.Jl = A~li.Jl - El + £;t
A;(,.)) = ..I;I'.Jl + Ell - £'f
A~"Jl = A;('.Jl + EJ - E,;













For the quad 2. type 2 dement ill Fil-\' 3..t('. the following l'lIdlkil'1l1s nLII h,-
e\-1IIUalell when no,le 1 is node (i + l.j). noell' 2 is node (i.j + I) , Hlld IlIlIl.- :1 is
node(i+l.j+l):
\Vith respect to node (i + I. j):
A~("I.J' = _.I~;-tI.J) - Ei
.4;1 ,-t I.) 1 = A~,tl.J) + El
A~'il-I'J' = AM~-tI.J' + E.~





With respect to nOlle (i + I.j + 1):
A~;+I.J+l) = A~dl.)tll + E:: - E;: (C'.IZ4)
_.I~,tl.)-tll = ..1;;'1-1.)-+-1) - E~ + F:i rc.IZ;I)
..1~'+I.)tl) = ..1;'1>+1.)+1) - £1 + Ef ICIZfiJ
A;:~-tl.)-tll = A~;:''''I.)'''ll - D l + D'l (C.127)
1l·1
With r..sp<:r:t IOIlOd,: (i.) + I):
~l;ll.i+l1 = ·-l;I;.,It11 + Ei
A;;,.Jtll = .-l~'.,Itll - Ef
A;I;.JtIJ = A~i.,lt1) - E.~





WIII'Ii thlose I'Qdlicil'Jlts have heCIl e\'aluatCfI ,'\nel assembled for e\'ery element
in tIll: ('akulation domain. the final form of the discretizcel continuity equation for
",'wh Ilode i.~ oht.ainc,1 ;~<; follo.....s:
A;~'.!I .. Pli,!) ..t~;.j)" JlHt!,J) + A;(';.]) .. Jl(itl,jtl) +A;r;.JI *' P(i.ltll
+ A~':'.jl" P(i-1.j+ll + .-l~;.j)'" Pli_ljl + A~(~.JI *' P(;-I.,I-I)
+ .·I~i,JI" Pli.J-I) + ..t~(i'I)" 1I1i+l,j-1) + A~.i~JI (C.l32)
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